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Subleading Color Corrections at Three Loops to the tr(¢?) Three-Point
Form Factor in A =4 Supersymmetric Yang-Mills Theory
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We compute three-loop corrections to the three-point form factor of the operator tr(¢?) in N =4
supersymmetric Yang-Mills theory. In particular, our result is valid beyond the leading-color limit and will
consequently be an important input towards extending the amplitude-bootstrap program beyond the
leading-color approximation. We find that our analytic formulae are strikingly compact expressions in
terms of integer linear combinations of generalized polylogarithms of weight six.
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Introduction—Maximally supersymmetric Yang-Mills
theory (N =4 SYM) provides an ideal laboratory to
investigate the properties of four-dimensional quantum
field theories. The study of its observables led to many
consequential discoveries, which impact our ability to
predict the outcome of real-world scattering events.
Shining examples include the AdS/CFT correspondence
[1-3], the Grassmannian geometry [4—7], the amplituhedron
[8], and the profound connections between scattering ampli-
tudes and Wilson loops [9-11]. Beyond its intrinsic beauty,
N =4 SYM has served as a fertile testing ground for
modern amplitude developments, inspiring ideas such as
unitarity cuts [12,13], twistor variables [14], and symbols
[15]. Many of these insights have since been transferred
to QCD and gravity, enabling state-of-the-art calculations
relevant for LHC phenomenology (see Ref. [16] for a
review) and  gravitational-wave  physics  [17,18].
Furthermore, the so-called maximum transcendentality prin-
ciple [19,20] relates the maximally transcendental part of key
QCD quantities—such as cusp and collinear anomalous
dimensions—to their A" =4 SYM counterparts.

The crucial prerequisite to these breakthroughs is the
availability of data. In this context, data are not in the
classical sense experimentally collected measurements
but rather the mathematical predictions of quantities
computable from this theory, like scattering amplitudes and
form factors. The explicit computation of the six-particle
scattering amplitude in A/ =4 SYM [21] has led to a
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breakthrough in our understanding of the mathematical
functions spanning scattering amplitudes in any QFT
[15,22]. In turn, understanding how these functions encode
the analytic properties of scattering amplitudes and the
discovery of new such properties enables more and more
powerful computations, i.e., more data. This virtuous cycle
is enshrined in the amplitude bootstrap program. Currently,
this program has computed the six-particle amplitude
through staggering eight-loop order [23]—far beyond
our ability to compute with conventional methods—and
led to many other discoveries and results, see for example
Refs. [24-35].

In addition to scattering amplitudes, form factors have
drawn considerable attention in recent years; see Ref. [36]
for a review. Form factors are defined as matrix elements
between on-shell asymptotic states and gauge invariant
operators. Consequently, they provide a natural bridge
connecting the worlds of amplitudes and correlation func-
tions. Of particular importance are the form factors for the
stress-tensor multiplet, represented by the operator tr(¢?).
By virtue of the amplitude bootstrap, the three-point form
factor was recently computed through astounding eight-
loop order [29,37]. The three-loop result has been verified
through an explicit analytic calculation in Ref. [38]. The
four-point form factor is known at two loops [39] and form
factors with an arbitrary number of external legs have been
constructed at one loop [40]. For the tr(¢?) form factor,
results have been derived recently in Refs. [41,42].

The astonishing progress in N'=4 SYM has one
limitation—it is often limited to the so-called planar limit
of the theory. In this limit, the number of colors N, of the
SU(N,.) gauge group is considered to be large and the
't Hooft coupling a = N.g?/(4n)*> with the coupling
constant ¢ is used as a small expansion parameter. In
particular, terms suppressed by inverse powers of N,
(subleading color) are neglected. Today, only limited
information is available about scattering amplitudes and
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form factors at subleading color and their properties are far
less understood. Four particle scattering amplitudes at
leading color are understood to all-loop order [43.,44]
while their subleading color contributions are known only
through three loops [45]. Two-loop results are available for
five-particle amplitudes [46,47].

In this Letter, we add an important piece of data to the
exploration of NV = 4 SYM beyond the leading-color limit.
Specifically, we obtain the analytic result for the full-color,
three-loop, three-point form factors of the operator tr(¢?) in
N =4 SYM. This constitutes the first full-color analytic
result with nontrivial kinematic dependence for a form
factor of this operator.

The tr(¢?) form factor has particular significance as it is
the /' = 4 SYM equivalent of the scattering amplitude of a
Higgs boson and three partons in QCD, after integrating out
the degrees of freedom of the top quark. Consequently, it is
linked to some of the most important scattering observables
in Higgs boson phenomenology at the Large Hadron
Collider. One of the most striking observations is that
the leading transcendental part of this object in the two
theories is identical [48], which was recently confirmed at
three loops in Ref. [49] at three loops in the leading color
approximation. The computation of the subleading-color
contributions to the QCD scattering amplitude is still
outstanding and the analytic achievements of this Letter
provide a pivotal step towards this goal.

Setup—The three-point form factor for the operator
O = tr(¢?), which is part of the stress-tensor supermultip-
let in NV =4 SYM, is defined as

o (q - Zpi)f<p1,p2,p3> = [ e 123106)/0)
1)

Here p; are the momenta of three massless states |i),
i€{1,2,3} and we have suppressed the color indices
associated with these states. The kinematics describing this
form factor can be parametrized in terms of three ratios of
invariants

12 523 w=l-u—p="18 (2)
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where s;; = (p; + p j)z_ The dependence on the remaining
invariant ¢ is fixed by dimensional analysis and we set

g*> = —1 for the remainder of the Letter. The form factor
can be expanded in small 't Hooft coupling,

where F(©) is the leading-order form factor. Starting at
three loops the form factor receives corrections that are

suppressed in the limit of large color representations
N.—

1
IO = T{0 + 25 Tl (4)

C

Computation and validation—The three-loop integrand
of our form factor was obtained in Refs. [50,51] using
color-kinematic duality and unitarity cuts, and was numeri-
cally evaluated at one phase point [51,52]. We utilize the
package Blade [53] to perform integration-by-parts (IBP)
[54-56] reduction to express the integrand in terms of so-
called master integrals. The package Blade incorporates the
block-triangular form [57,58] method and significantly
improves the IBP reduction efficiency. The residual master
integrals are building blocks for any scattering amplitude in
QFT with three massless and one massive external particle
at third loop order. A significant fraction of the integrals
required for our computation is already publicly available
in Refs. [38,59-62].

For the purposes of this Letter, we have to compute an
additional set of integrals that can be organized in terms
of five integral families depicted in Table I. The full set of
integrals required for the subleading contribution to the
form factor in QCD requires yet a larger set. However, the
missing integrals are less complicated than the most
complicated case required here and we defer their calcu-
lation to future work. In order to compute the integrals we
use the method of canonical differential equations [63—-67],
which allows us to express the total differential of a set of
canonical master integrals / in the following form:

dl = GZAidlog(w,-)I, (5)

where the A; are rational number matrices and e is the
dimensional regulator of the space-time dimension
d =4 —2¢. We constructed the canonical form for the
master integrals required for this problem algorithmically
using a multivariate version of the algorithm outlined in
Ref. [68]. The application of this algorithm is complicated by
the large number of master integrals in the problem. For
example, the most complicated family depicted in column
(e) of Table I has a total of 371 masters, 19 of which are
nonvanishing on the so-called maximal cut. We checked that
the canonical integrals of Refs. [38,59—62] are rational linear
combinations of the canonical basis derived in this Letter
whenever the integrals are shared between the topologies.

We find that the alphabet, the set of letters w; entering
Eq. (5), coincides with the alphabet identified in Ref. [38].
The 20 letters written in terms of the square root

r = +/—uvw are u, v, w permutations of [69]
w,-e{u,l —u,u—(1 —v)z,l—u—uv,r+u}. (6)
r—u
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TABLE L
operator tr(¢?).

Number of master integrals (MlIs) for the five new topologies required for the three-loop three-point form factor of the

q P q p1 q P1 q b1 q 1
N7 AN ‘
Nl | { |
|
/ ~ ~
P3 P2 ps P2 P3 P2 p3 p2 P3 P2
(a) (b) (c) (d) (e)
Number of MIs 136 174 176 277 371
MIs in top sector 4 4 4 8 19

Using the canonical differential equation it is straight
forward to evaluate the master integrals to any order in €
in terms of Chen iterated integrals [70]. The boundary
conditions are determined as in Refs. [71-73] through
consistency conditions in the limit u, v, w — 0 [71] and the
evaluation of simple single-scale integrals.

Our form factor contains infrared singularities, regulated
here by dimensional regularization. The pattern of this
singularities is universal and was predicted in Refs. [74-81].

Z(pi) = Z(a, p)I™ (p)). (7)

where the remainder Z'" is finite as d — 4. The explicit form
of the operator Z in N' =4 SYM is

1& 92 L VEL)
z-ewl i > (L) 1555 0n

=1 i#]

(L)
Ye —Sij 4w Lo
- T, T,1 2By~ A
LG; ' ]Og<ﬂ2>+L€y1 e

(8)

Here, u is the renormalization scale, T; are the generators

of SU(N,). The anomalous dimensions y£.3) and y(]3) were

computed in Refs. [44,82] and more recently through four
loop order in Refs. [83—85]. The infrared singularities of the
subleading color part to the form factor exclusively arise
from the color-multipole operator A(X). Its contribution to
three colored parton amplitudes is given by

AL = —8c ™ pabe pede (TeTd + TITTIT, (9)
ik
where ¢®) = ({5 +2¢,¢5) and f9P¢ are the structure con-
stants of SU(N,.). Given the fact that the subleading color
structure first appears at three loops, the divergence is
spectacularly mild and can be worked out explicitly as

(10)

We use the above formula to extract the finite remainder of the
subleading color form factor and study its properties below.

We performed several checks of our result: (1) We verified
that all but the single pole in ¢ of the subleading color
contribution vanish and the remaining pole is correctly
predicted by Eq. (10). (2) We checked that our form factor
agrees with predictions based on factorization in universal
soft [86,87] and collinear limits [88]. (3) A numeric compu-
tation of the tr(¢)?) form factor at three loops and subleading
color was previously performed for one numerical point,
Refs. [51,52], and we find agreement with this result.

Analytic structure of the finite remainder—The finite
remainder of the subleading color tr(¢?) form factor
exhibits much simpler analytic structure than the master
integrals we computed for its evaluation. Specifically,
we find that it can be written in terms of integer linear
combinations of generalized polylogarithms that depend
solely on the alphabet

A={uv,w,1—ul-v1-w}

(11)

as well as Riemann ¢ values. The function is completely
symmetric under the permutation of our variables u, v, and
w. This alphabet is identical to the one found for the leading
color contributions through eighth loop order [37]. Next,
we study the symbol of the subleading color form factor
in analogy to its leading color counterpart, for which a
flurry of interesting observations was made. The symbol
[15,22,70,89,90] of the finite part of the form factor takes a
very simple form,

i 4506
SEZGM =48 e @ .. @w?.  (12)
i=1

where the letters wgk) are drawn from the alphabet A in

Eq. (11). The first entry only allows for physical branch

cuts wf.l) € {u, v,w}. For all but the last two entries, the
symbol satisfies the following adjacency constraint [29,91]

and its permutations,

@l R T=T® (13)
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TABLE II. Number of independent functions in the coproduct TABLE III. Number of terms in the symbols at n loops at three

Ay, of the three loop remainder st)c kinematic lines of the variables (u, v, w).

n 0 1 2 3 4 5 6 LOOpS 1 2 3-LC 3-SLC

Subleading color 1 3 0 27 21 5 1 (u, 00, —00) HPLs 1 2 14 0

Leading color [29] 1 3 9 12 6 3 1 (1,v,—v) HPLs 2 4 54 78
(u,u,1 —2u) HPLs 4 25 269 291

We note that this constraint is only violated by the last
two entries of the symbol. We identify relations among
the symbols that are obtained when removing the last entry.
For example, there is a relation for the total derivative
as follows.

dI(S%L)C = —12c¢®)dlog[uvw(1 — u)(1 — v)(1 — w)]
+ 5 independent terms. (14)

Following the spirit of Ref. [37] to find a suitable normali-
zation that removes the above logarithm from our function
and that unveils its analytic properties (i.e. a good remainder
function), we may choose the normalization

I3 = luow(1 = w)(1 = v)(1 = w)FZGe. (15

However, this choice violates the first-entry condition.
We proceed by analyzing iterative derivatives, i.e., the
coproducts [92,93], of our function in order to find further
possible hidden constraints. The number of independent
functions in the coproduct gives an indication of this and we
tabulate these numbers in Table II. We find nontrivial
relations among these coproducts (beyond the so-called
integrability constraint). In particular, the totally symmetric
combination [uvw(1 — u)(1 — v)(1 —w)] can never appear
in the last entry of Z. (S3L>C

We find a space of 118 possible symbols satisfying
integrability, u, v, w permutation invariance, the first entry
condition, the modified adjacency constraint and the lastentry
condition and match the predicted behavior in the collinear
limit. It was observed in Ref. [29] that the space of functions in
the form factor collapses to so-called harmonic polylogar-
ithms (HPLs) [94] on three kinematic lines (u, o0, —0),
(1,v,—v), and (u,u, 1 —2u) of the variables (u, v, w).

In the limit v — oo, we find at fixed u,

() fi
ISLCm

=% |96(Ho10(u)+Ho100(u)—Hjo10(u)—H100(1))

14067*
945

—24(4’%—310g(u)§5)+(9(%>, (16)

+24¢5(log(u) +4log(1 —u)—4log(v) +2ir) —

where H denotes a harmonic polylogarithm. Several
structures in this expression, in particular the single-
logarithmic divergence and the 7%, are suggestive of a
high energy factorization. Deriving this structure from an
effective field theory remains an interesting task for the
future but is beyond the scope of this Letter.

More generally, we choose to parametrize the special
kinematic lines using the variables 1 — 1/u, 1/v, and u,
respectively, and compute the symbol of our function.
Table III reports the number of terms in the symbol on these
three lines. Leading color results agree with Ref. [29]. Note,
that the symbol of the function (16) vanishes for the
subleading color form factor on the line (u, o0, —00).
Furthermore, we evaluated our result at the symmetric
point u=v=w=1/3,¢4>=—-6. We used the tool
HyperlogProcedures [95] to convert all the HPLs of argument
1/3 into cyclotomic zeta values. Our result reproduces the
numeric results of Ref. [52] to 30 digits (see Ref. [96]).

Finally, we study the numerical impact of the subleading
color contributions to the form factor, evaluating the
function using publicly available tools [97,98].
Specifically, we look at the ratio of different loop-order
contributions to the one-loop correction in order to assess
their relative perturbative importance. Figure 1 shows the
absolute value of the ratio along the line v = u in the
Euclidean region for g> = —1. The different orders include
the value of the coupling constant a = 0.118 x 3/(4x) and
we set N, = 3. The subleading color contribution to the

0.4 L S S S S S S S S S S S
I PETT )
I \
: \ === | =3(LC) p
0.3p ., 1
1‘ . == L=3(SLC) /|

|aL-1I(L),f|n/J-(1),f|n|
o
N
T
1

g
o

0.0f

FIG. 1. The absolute value of the ratio of the corrections of the
finite remainder function at L loops to its one-loop counterpart in
the Euclidean region.
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form factor in N' = 4 might serve as a proxy to estimate the
numerical importance of subleading color contributions to
form factors in other gauge theories and might conse-
quently indicate their importance to Higgs boson physics
and QCD. We observe in Fig. 1 that the subleading color
contributions are indeed of comparable size to their leading
order three-loop counterpart. Furthermore, the shape of
the subleading color contribution is quite different, owing
largely to the different logarithmic structure at the boun-
daries of the plot.

Conclusions—In this Letter we presented the first ana-
lytic computation of a three-point form factor in four-
dimensional gauge theory at third loop order, including
subleading color contributions. Specifically, we computed
the tr(¢?) form factor in N'=4 SYM theory through
three loops.

The analytic structure of the subleading color contri-
bution to the form factor is remarkably simple. They can
be expressed in terms of an integer linear combination
of the same class of generalized polylogarithms that
appear in the leading color contribution. This simplicity
is highly nontrivial and arises out of intricate cancella-
tions of the much more complex functions of the master
integrals we computed to obtain this result. Furthermore,
we study the symbol of the newly computed form factor
and discover intriguing relations that may hint at addi-
tional symmetry and simplicity of this object beyond the
leading color limit.

The simplicity of the analytic structure of the leading
color form factor has enabled the amplitude bootstrap of
this quantity to record setting eight-loop order. Currently,
an extension to subleading color of this approach does not
exist and our result provides a first step toward such a
subleading color form-factor bootstrap. In particular, one
might speculate that the presence of weakened versions of
the last-entry and adjacency constraints [99,100] could
enable such an approach.

Our calculation required evaluating five previously
unknown families of three-loop master integrals with
one off-shell leg, representing a major step toward the
full-color computation of scattering amplitudes for a Higgs
boson or gauge boson and three partons. The integrals
obtained for this Letter include the most complex topol-
ogies needed for this task. We observe that subleading color
effects can be sizable, further motivating their calculation in
QCD, which we leave to future work.
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