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We consider a class of two-dimensional dilaton gravity models with linear dilaton vacuum including
Callan-Giddings-Harvey-Strominger (CGHS) model as the special case. General thermodynamic proper-
ties of black holes in such models are evaluated. We focus on the CGHS model and its modification with
regular black holes as empty-space solutions characterized by ever-present finite curvature. We find
generalized entanglement entropy blows up for near-extremal regular black holes considered as remnants.
That signaling a possible breakdown of the semiclassical approximation near the end point of evaporation.
We conjecture that remnants are unstable and decay by quantum fluctuations into horizonless spacetimes.
We give an estimate for the decay amplitude by using a semiclassical regularization method and propose a
path to mitigate the unitarity loss problem.
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I. INTRODUCTION

Unitarity of quantum gravity became a puzzling topic
after Hawking revealed quantum black holes do evaporate
into almost thermal radiation [1]. It seemed very reliable to
conclude from basic QFT on curved spacetime one has a
final quantum state described by maximally entangled
density matrix at the very end point of evaporation.
Therefore, it necessarily implies that nonunitary evolution
is unavoidable in processes involving black holes [2]. At
first glance, the gravitational interaction can not be incor-
porated into quantum theory before drastic modifications of
the latter.
Replacing well-established quantum postulates is logi-

cally possible but very problematic from theoretical stand-
point. A league of researches in opposition to initial
Hawking’s claim followed the conservative route which
is to find a self-consistent theory of quantum gravity where
unitary evolution is automatically secured [3]. It was
successfully fulfilled in holographic models including ones
stemmed from the AdS/CFT correspondence [4]. One of
significant recent advancements in this field is a derivation
of quantum extremal surfaces from “replica wormholes”
[5,6] in various theories of gravity including ones that
possess asymptotically flat spacetime solutions [7,8].

It was found that extremal surfaces directly relate the
entanglement entropy of quantum fields with geometry
what became codified in a form of so-called island rule
which allowing to derive a unitary Page curve for the
Hawking radiation entropy [9]. Nevertheless, a complete
understanding of dynamical mechanisms behind recovery
of quantum information from black holes is still elusive.
For instance, we lack derivation of the unitary S matrix
describing processes of gravitational scattering [10].
One can argue that the S-matrix elements between

quantum states of collapsing matter and Hawking radiation
can be calculated semiclassically at least in principle. A
dominant channel for black hole evaporation is a decay into
large number of soft particles which validates evaluation of
the path integral,

hfjŜjii ¼
Z

ΦðtfÞ¼Φf

ΦðtiÞ¼Φi

DΦe
i
ℏI½Φ� ≈ F½Φ0�ei

ℏI½Φ0�ð1þOðℏÞÞ;

δI
δΦ

½Φ0� ¼ 0; ð1Þ

through generally complex-valued saddle pointsΦ0 solving
the classical equations of motion with boundary conditions
Φi;f corresponding to given in and out states.
The problem one encounters is strongly coupled dynam-

ics near singularity which necessarily breaks the semi-
classical approximation. One may try to bypass bad
singularities in “complex plane” by saddle points defor-
mation. Regularization methods applied to simplified
model yield physically meaningful answers consistent with
expectations from unitarity [11,12].
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Another useful approach is to implement the limiting
curvature condition,

RμνσρRμνσρ ≤ l−4� ; ð2Þ

to avoid singularities on the level of classical field equations
[13,14]. Evidently, one can not realise this kind of behavior
without violation of energy conditions. In this scenario a
vicinity of black hole singularity on a scale r ≃ l� can be
turned either into de Sitter core or bounced back [15,16].
Such regular black holes possess global event horizons
which can be dissolved by quantum backreaction [17,18].
Nonsingular black holes appear in string theory and non-
commutative geometry [19], loop quantum gravity [20], and
other modified theories of gravity [21].
We continue these lines of research in our paper

concerning some toy models of two-dimensional dilaton
gravity which are supposed to be the best choice for testing
new ideas about quantum properties of black holes [22–25].
Such system can be potentially even modeled on quantum
computers [26]. It is widely assumed that transverse
degrees of freedom can be integrated out near horizon
so that gravitational scattering is described by effectively
two-dimensional models [27,28]. These ones capture many
relevant features but lack certain annoying problems of its
higher-dimensional ancestors including infamous nonre-
normalizability of the Einsteinian GR [29].
Peculiar properties of two-dimensional quantum theories

allow us to tune these models to satisfy Eq. (2) on the level
of classical field equations. In this paper we continue our
research of two-dimensional dilaton gravity model with
nonsingular (regular) black holes [30] (for similar attempts
see Refs. [31,32]).
The proposed regular model has a parameter Mext that

corresponds to the extremal black hole mass. Being the
lightest the extremal black holes are considered stable
because of zero temperature so it can potentially be a sink
for information. All matter content that fallen into black hole
remains inside and the entanglement entropy of Hawking
radiation can grow indefinitely. Therefore, this state can be
considered as a black hole remnant with infinite number of
internal states [33]. It is usually assumed that remnants
violate the Bekenstein bound and can not be present in
unitary theories but there are objections to this claim [34,35].
We show by calculation of the entanglement entropy of

Hawking radiation via the island formula that aforemen-
tioned concerns about remnants may not be realized. What
we conjecture instead is that the extremal state tends to
decay at early stages. Backreaction makes black holes to
tunnel and we estimate a quantum transition amplitude by
finding saddle-point solutions for null shock waves pen-
etrating the event horizon.
Instead of solving a genuine quantum field theory we

simplify the model so that the shock wave is represented a
single massless particle. Therefore, a system of gravity

equations radically simplifies and one has two-parametric
solution describing transitions from spacetime with mass
Mi to spacetime with mass Mf. For Mi;Mf < Mext the
classical solution is real so one evaluates Eq. (1) in a
straightforward manner. However, if final or initial states
contain black holes one need to perform analytic continu-
ation to obtain saddle-point solutions. It is shown that
probability of transition with black holes has exponential
suppression,

Pfi ¼ jhfjŜjiij2 ≃ expð−ΔSBHÞ; ð3Þ

where ΔSBH is a difference of black hole entropies before
and after the null shock wave released from under horizon.
The obtained result has an interpretation which is

consistent with unitary expectation as follows. The number
of black hole states is proportional to expðSBHÞ so that
probability of emitting a hard particle in a final state is
expected with probability of order expð−SBHÞ. Therefore,
entropic suppression takes place for an exclusive transition
process. One expects a total probability Pfi ≃ 1 for all
possible decay modes. The most probable decay channel is
emitting of a Hawking radiation particle with energy of
order TH if mass is large. A black hole decays completely if
its mass is comparable with Mext.
The paper is organized as follows. In Sec. II we introduce

a general action for linear dilaton gravity and find empty-
space solutions of the field equations, and describe black
hole thermodynamics. In Sec. III we calculate the entan-
glement entropy of the Hawking radiation and show it
blows up near the end of evaporation for nonsingular
model. In Sec. IV we discuss regular black holes near the
end point of evaporation and conclude they are unstable.
We discuss our results and prospects in Sec. V. We leave
technical details of calculations to the Appendixes.

II. DILATON GRAVITY TOY MODELS

We consider a subclass of general dilaton models
described by the gravitational action,

Ildg ¼
Z

d2x
ffiffiffiffiffiffi
−g

p ðWðϕÞRþW00ðϕÞ½ð∇ϕÞ2 þ λ2�Þ; ð4Þ

where the dilaton field ϕ nonminimally couples to the Ricci
scalar R with function WðϕÞ specifying choice of model
and primes denote derivatives with respect to ϕ. The
dimensionful parameter λ sets the characteristic energy/
length scale in the model.
The general solution with no matter is

ϕ ¼ −λr; ds2 ¼ −fðrÞdt2 þ dr2

fðrÞ ;

fðrÞ ¼ 1þ M
λW0ðϕÞ ; ð5Þ
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where integration constant M can be identified with the
Arnowitt-Deser-Misner (ADM) mass for asymptotically flat
spacetimes with function fðrÞ → 1 as r → ∞. We derive
field equations following from Eq. (4) in Appendix A. The
Minkowski spacetime (M ¼ 0) is a solution usually called
the linear dilaton vacuum which gave its name to models
described by Eq. (4). Uniqueness of the empty space solution
is guaranteed by the two-dimensional analogue of the
Birkhoff theorem [36]. A set of points r ¼ rhor where
fðrhorÞ ¼ 0 corresponds to event horizons or Cauchy
horizons.
Thermodynamic properties of the black holes are derived

from Euclidean solutions of field equations given by the
Wick rotation t ↦ τ ¼ it in Eq. (5). These are periodic
“cigar” solutions which are smooth everywhere except for
maybe a single conifold singularity at r ¼ rhor which is
removed if one equates the imaginary time period with the
inverse Hawking temperature βH ¼ TH

−1,

TH ¼ 1

4π

df
dr

ðrhorÞ ¼
λ2W00ðϕhorÞ

4πM
; ð6Þ

where we used Eq. (5) in the second equality.
By using the Wald formula one finds the Bekenstein-

Hawking entropy,

SBH ¼ 4πffiffiffiffiffiffi−gp δIldv
δR

����
r¼rhor

¼ 4πWðϕhorÞ; ð7Þ

where the horizon value of the dilaton field ϕhor ¼ −λrhor
serves as a substitute for invariant area of horizon which is
just a single point in two dimensions.
From now we focus on two dilaton gravity models. The

first one with WðϕÞ ¼ e−2ϕ is the prominent CGHS model
[37–39] which have interpretation as a spherical reduction of
the 1þ 3-dimensional Horndeski theory [40]. The second
one is the regular black hole (sinh-CGHS) model defined by
WðϕÞ ¼ −ðMext=2λÞ sinhð2ϕÞ, where the classical singu-
larity is avoided.
For empty-space solutions in the sinh-CGHS model

one has

fðrÞ ¼ 1 −
M

Mext coshð2λrÞ
; ð8Þ

which describes regular black holes if M ≥ Mext. The
outer and inner horizons are situated at r ¼ rhor,

rhor ¼
1

2λ
log

0
@ M
Mext

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

M
Mext

�
2

− 1

s 1
A; ð9Þ

and r ¼ −rhor, correspondingly.
A solution withM ¼ Mext is the extremal black hole, and

solutions with M < Mext are the horizonless spacetimes.

Note that arbitrary negative values of the mass parameterM
are not prohibited by anything in the classical theory. The
latter can sway the stability of the model in presence of
matter fields what we discuss afterwards.
A geodesically complete spacetime which can be locally

described by Eq. (8) is an infinite tower of eternal black and
white holes interconnected by its interiors [30]. It seems
reasonable to consider such spacetimes with interconnected
asymptotically flat regions as nonphysical in dynamical
situations including gravitational collapse and evaporation.
One may wonder if it is possible that such solutions
contribute to Eq. (1) without spoiling unitarity of quantum
gravity. We assume it is possible to define the gravitational
path integral so that such configurations with eternal black
holes are effectively excluded. With that in mind we simply
ignore these solutions in current discussion.
From Eqs. (6)–(8) one derives the Hawking temperature,

TH ¼ λ

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
Mext

M

�
2

s
; ð10Þ

and the Bekenstein-Hawking entropy in the sinh-CGHS
model,

SBH ¼ 2π

λ
M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
Mext

M

�
2

s
; ð11Þ

which reduce to the CGHS model in the limit Mext → 0.
Note that both the temperature and the entropy vanish for
the extremal (M ¼ Mext) black holes.
Formally, the model (4) enters the strong coupling

regime as WðϕÞ → 0 what requires additional considera-
tions. We expect it could probably not be a problem
because propagating gravitons are absent at the one-loop
level. The reason is that dilaton gravity degrees of freedom
are highly constrained; in two dimensions the Einstein-
Hilbert action itself is nothing more than a topological
Euler characteristic. Indeed, one can make an arbitrary shift
WðϕÞ ↦ WðϕÞ þ const that does not affect field equations
but moves a supposed strong coupling zone anywhere we
want. We analyzed sinh-CGHS static solutions with quan-
tum conformal anomaly and came to the conclusion that the
apparent strong coupling is in fact irrelevant for singularity
avoidance [30]. To summarize, the backreaction is propor-
tional to R, which is finite, and solutions become asym-
metrically tilted but still everywhere regular. We postpone a
thorough analysis of dynamical solutions in the presence of
quantum matter to our next publications.

III. ENTROPY FROM ENTANGLEMENT ISLANDS

In this section we consider quantum fields on the eternal
black hole background. First, we calculate the entangle-
ment entropy of the Hawking radiation for trivial setup and
reproduce a version of the information paradox for eternal
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black holes. Second, we apply the island formula pre-
scription to obtain corrected expression for the entangle-
ment entropy in the CGHS model. Third, we repeat this
calculation for the regular black holes and compare a
difference between results.
We consider a conformal matter with large central charge

c to make sense of the semiclassical approximation where
the spacetime is a real smooth manifold. For such a thing
one makes a nice slicing of the whole spacetime labeled by
some global time coordinate. Each slice is a Cauchy surface
divided into regions of interest as depicted in Fig. 1.
Asymptotic regions R and R� extend from anchor points

A and A�, correspondingly to spacelike infinities and
contain quantum radiation far from the black hole. One
may think of observers situated at A and A� as ones who
collect Hawking quanta passing through them in dynamical
situations. For the black hole not to evaporate it should stay
at equilibrium with the outside thermal bath. Therefore, the
quantum fields are described by the Hartle-Hawking state
ρ̂HH for which the energy-momentum tensor is regular
across the event horizon.
The quantum fields living on the union of R and R� are

represented by the reduced density matrix,

ρ̂R ¼ Tr
AA�ðρ̂HHÞ; ð12Þ

where the partial trace is taken over the states living on the
interval AA� containing the Einstein-Rosen bridge.
In what follows we evaluate the von Neumann entropy of

the outside radiation,

Sent½R ∪ R�� ¼ −Trðρ̂R log ρ̂RÞ ¼ Sent½AA��; ð13Þ

where the second equality follows directly from purity of
the whole quantum state.
The entanglement entropy for conformal fields with

central charge c can be calculated explicitly [41]. For
modes living on the compact spacelike curve AA�

Sent½AA�� ¼ c
6
log ðϵ−2ðvA − vA� ÞðuA� − uAÞÞ

þ c
6
ðρA þ ρA� Þ; ð14Þ

where ϵ is an ultraviolet cutoff and factor ρ comes from the
metric in conformally flat coordinates,

ds2 ¼ −e2ρðv;uÞdvdu; ð15Þ

so that the proper length of the cutoff remains coordinate
independent.
One introduces a coordinate transformation,

v ¼ 1

2πT
e2πTðtþr̄Þ; u ¼ −

1

2πT
e−2πTðt−r̄Þ; ð16Þ

where the “tortoise” coordinate

r̄ðrÞ ¼
Z

r dr0

fðr0Þ ; ð17Þ

to relate Eqs. (5) and (15) by formulas

ρðv; uÞ ¼ 1

2
logðfðrÞ=gðrÞÞ; gðrÞ ≔ expð4πTr̄ðrÞÞ;

ð18Þ

for the eternal black hole solutions.
Without loss of generality one assumes the anchor points

A and A� are symmetric with respect to the spatial
inversions so that uA� ¼ vA, vA� ¼ uA, and ρA ¼ ρA� in
the conformally flat coordinates. Substituting Eqs. (16) and
(18) into Eq. (14) one finds the entanglement entropy,

Sent½R ∪ R̄� ¼ c
3
logð2 coshð2πTtAÞÞ þ

c
6
logðfðrAÞÞ

−
c
3
logð2πTϵÞ; ð19Þ

which aligns with expected linear growth from the
Hawking result Ṡ ≃ 2πcT=3 at large times tA → þ∞.
Evidently, the naive semiclassical answer (19) violates

the Bekenstein bound for the black hole with surrounding
thermal radiation already having maximal entropy,

Sent½R ∪ R�� ≤ 2ðSBHðMÞ þ SradÞ; ð20Þ
which implies saturation of the entanglement entropy
instead of unbounded growth to allow unitary evolution.
This is a version of the information paradox for eternal
black holes.
It was conjectured that Eq. (14) for the Hawking

radiation entropy gives correct answer for early times only.
If backreaction is included unexpected dominant contribu-
tions to the gravitational path integral with nontrivial

FIG. 1. Penrose diagram depicting setup for entanglement island.
Legend: A, A� are anchor points, R, R� are parts of Cauchy surface
containing old Hawking radiation, Q, Q� are QEPs, and I is an
island. The wavy line symbolizes geodesic incompleteness of
spacetime either with singularities or Cauchy horizons.
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topologies may arise at late times [42]. It was first discovered
in the AdS/CFT context but extended as a conjecture onto
any consistent quantum gravitational model. Direct calcu-
lations in various gravity models supported this claim [7].
The idea is that gravity influences quantum fields and

one should add a so-called entanglement island; see region
I in Fig. 1. The island is an additional region of spacetime
representing nonperturbative gravitational contributions in
the exact path integral. Usual von Neumann entropy is then
replaced with generalized entropy functional defined for
the eternal black hole as follows:

Sgen½R; I� ¼ Sgrav½∂I� þ Sent½R ∪ I ∪ R��; ð21Þ

where the first term is the Bekenstein contribution from
pure gravity and the second term comes from von Neumann
entropy of quantum fields living on the union of R and R�,
and the island I.
The island is bound by the quantum extremal surface

which are pointsQ andQ� in 1þ 1 dimensions. The recipe
for calculating a true value of the entanglement entropy is
given by a formula,

Sent½R ∪ R�� ¼ min
I ∈ f∅;QQ�g

ext
∂I

Sgen½R; I�; ð22Þ

where one have to vary positions of the quantum extremal
points (QEPs) first and then take a minimal value of the
generalized entropy among solutions including one with
island and one without it leading to Eq. (19).
For large spacelike separations of Q and Q� the

approximation Sent½R ∪ I ∪ R�� ≃ Sent½QA� þ Sent½Q�A��
becomes valid. Without loss of generality we choose
anchor points and QEPs to be symmetric on both sides
of the eternal black hole. With all given assumptions the
generalized entropy,

SgenðxQ;xA;MÞ¼8πWðϕQÞþ
c
3
logðϵ−2ðvA−vQÞðuQ−uAÞÞ

þc
3
ðρAþρQÞ; ð23Þ

is just twice the contribution from a single side of the
black hole.
The first extremality condition ∂Sgen=∂tQ ¼ 0 gives

tQ ¼ tA. Substitution intoEq. (23) removes time dependence,

SgenðrQ; rA;MÞ

¼ 8πWð−λrQÞ þ
2c
3
log

� ffiffiffiffiffiffiffiffiffiffiffi
gðrAÞ

p
−

ffiffiffiffiffiffiffiffiffiffiffi
gðrQÞ

q �

þ c
6
log

�
fðrQÞfðrAÞ
gðrQÞgðrAÞ

�
−
2c
3
logð2πTϵÞ; ð24Þ

where we expressed everything in terms of Schwarzschild
coordinates.

The second extremality condition ∂Sgen=∂rQ ¼ 0 yields
a transcendental equation relating rQ with black hole mass
parameter M. We find rQðMÞ for the CGHS and sinh-
CGHS models in Appendix B.
Finally, one calculates the entanglement entropy,

Sent½R ∪ R�� ¼ SgenðrQðMÞ; rA;MÞ þ S0ðc; ϵ; rAÞ;
rA → þ∞; ð25Þ

but fixing the infrared regulator S0 to remove divergence in
Eq. (24) and shift the entropy so it is sensible zero in flat
spacetime limit M → 0.
In case of the CGHS model one finds the entropy,

Sent½R� ¼
�
4π

λ
M −

c
6
log

�
M
2λ

�
þ c
6

�
log

�
c

48π

�
− 1

��
× θðM −McÞ; ð26Þ

which goes to zero at M ≤ Mc ¼ cλ=24π, see in Fig. 2.
Interestingly, the quantum-corrected entropy from Ref. [43]
and Eq. (26) are similar.
In case of the sinh-CGHS model one finds the entangle-

ment entropy given by Eq. (B10) which diverges as
M → Mext, see in Fig. 2. It prevents us from setting
SentðMextÞ to zero. What we do instead is setting renorm-
alization term in Eq. (25) so that it asymptotically matches
Eq. (26) at large masses M → þ∞,

S ≃
4π

λ
M −

2π

λ

Mext
2

M
−
c
6
log

�
M
2λ

�
þ c
6

�
log

�
c

48π

�
− 1

�

þO

�
Mext

2

M2

�
; ð27Þ

which can be interpreted as large black holes in the CGHS
model and regular black holes should not be distinguished
in experiments performed by distant observer.

FIG. 2. Plots of generalized entropy of the Hawking radiation
for the CGHS model (26) (dashed) and the sinh-CGHS model
(B10) (thick). The asymptotic behavior is given by Eq. (27) at
M → ∞ (thin) and Eq. (28) at M → Mext (dashed thin).
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With all given assumptions one finds from expansion of
Eq. (B10) at M ≃Mext a near-extremal behavior for the
entanglement entropy,

S ≃ 4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2MextðM −MextÞ

λ2

r
þ c
6

�
log

�
2Mc

M −Mext

�
− 1

�

−
c

3
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M
Mext

− 1

s
; ð28Þ

where aforementioned divergence manifests. It drastically
differs from the naive expectation given by Eq. (11).
One can see that for near-extremal black holes the

information paradox stays apparently unresolved. The
Bekenstein-Hawking entropy goes to zero and the entan-
glement entropy eventually exceeds the finite thermody-
namic entropy of radiation. The formula (22) reads one has
to switch back to Hawking answer (19) which is nonunitary.
This drawback of the island formula is not attributed

specifically to the sinh-CGHS model considered above. It
was shown the usual GR black holes suffer from the same
problem in the zero mass limit [44]. Moreover, even
additional boundary condition far from black hole itself
can spoil unitarity of the final answer [45].
Therefore, one may argue that the island prescription is

not an ultimate solution to the information paradox and
something yet has to be answered about the end point of the
Hawking evaporation. We turn to this issue in Sec. IV.

IV. QUANTUM DECAY OF REMNANTS

In this section we analyze a whole process of the regular
black hole evaporation. Ignoring backreaction we consider
process as a sequence of quasistatic black holes with fading
mass according to a time dependence MðtÞ. The latter
follows directly from the 1þ 1-dimensional Stefan-
Boltzmann law,

dM
dt

¼ −
πc
12

TH
2; ð29Þ

which has an exact solution for the sinh-CGHS black holes,

MðtÞ þMext

2
log

�
MðtÞ −Mext

MðtÞ þMext

�
¼ Mext −

λ2c
48π

t; ð30Þ

where we fixed the integration constant so that black holes
evaporates with approximately constant rate at t < 0 and
approaches the extremal state at t > 0.
In the near-extremal limit one finds from Eq. (30),

MðtÞ −Mext ≃ 2Mext exp

�
−

λ2ct
24πMext

�
; ð31Þ

at large times t ≫ 24πMext=λ2c. One can see from Eq. (31)
that the regular black holes approach the extremal state only

asymptotically considering the semiclassical approxima-
tion is valid at late times. Therefore, the extremal black
holes are stable and can be considered as remnants.1

The entanglement island calculation from the previous
section suggests that black hole follows the unitary Page
curve right before it reaches quantum breaking point as it
demonstrated in Fig. 3. After that the entanglement entropy
grows again until it reaches the Bekenstein entropy of
initial black hole what clearly violates unitarity.
In old scenarios remnants contained a large amount of

entanglement and minimal possible energy. Wilczek spe-
cifically stressed that purification can happen at almost zero
energy cost [47]. Indeed, unlike thermodynamic one the
entanglement entropy is not defined locally and can not
be attributed to piece of matter for good. In order to purify
the Hawking radiation remnants have to decay into huge
number of soft particles which implies a horrendous half-
life but without any dynamical mechanism explaining its
stability [48].
One can turn this conclusion around to say that it actually

means for remnants to decay at the beginning into few
quanta where the Page curve reaches its minimum. The
whole process of gravitational scattering should not be
merely treated as combination of classical collapse with
subsequent thermal evaporation. One needs to apply
quantum-mechanical rules to understand full dynamics
behind the end point of black hole evolution. The fact
that Eq. (30) implies infinite lifetime for remnants means
nonequilibrium dynamics becomes important.
We do expect deviations from Eq. (30) at large times. It

can be argued that thermodynamic description is not
applicable in the near-extremal case [49]. The consistency
condition for semiclassical approximation is a requirement

FIG. 3. Page curve for sinh-CGHS black hole during evapo-
ration. Monotonic dashed curve is Hawking answer for radiation
SradðtÞ ¼ 2ðSBHð0Þ − SBHðtÞÞ. Contribution from island falls
before it approachesMqb and then starts to grow again exceeding
Hawking answer. Remnants should decay to protect unitary
evolution on timescale τ.

1There were signs that quantum remnants appear in the one-
loop CGHS model [46].
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that emission of single Hawking quantum shall not change
the black hole temperature significantly so that ΔT ≃ T=C,
where C is a large number. A typical quantum reduces
black hole mass by amount ΔM ≃ T assuming thermality
of the Hawking radiation [50]. One derives a condition

ΔM
ΔT

≃
dM
dT

¼ C ≫ 1; ð32Þ

where the large number C is identified with the black
hole heat capacity. Recalling from fluctuation theory
hðδTÞ2i ¼ T2=C and hðδSÞ2i ¼ C one realizes that relative
temperature fluctuations become large and entropy fluctu-
ations become small while approaching the extremal state
as C → 0.
The quantum breaking of semiclassical approximation

corresponds to violation of condition (32). It happens for
black holes with mass less than

Mqb ≃Mext þ
λ2

8π2Mext
; ð33Þ

which possess only a few degrees of freedom because the
entropy S ≲Oð1Þ in such cases. The controlling semi-
classical parameter Mext=λ ≫ 1 in Eq. (33) is the same as
standing in front of the classical action (4). Statistical
description is applicable at zero temperature for systems
represented by an infinite number of degrees of freedom
what is far from being the case for the near-extremal black
holes of mass M ≲Mqb and temperature T ≲ λ2=Mext.
Notice that each emission of Hawking quantum

drops the black hole entropy by ΔS ¼ ðdS=dMÞΔM ≃
ðdS=dMÞT ¼ 1, where we used the first law of thermo-
dynamics in the last equality. Under such observations the
Hawking radiation near the end point resembles more the
shot noise than continuous energy flux [51]. In this case it is

more appropriate to imagine black hole evaporation as
sequential two-body decays.
One may expect that remnants decay with a significant

probability as an average Hawking quantum energy reaches a
mass gap left, Mqb −Mext ≃ E ≃ THðMqbÞ. From Eqs. (30)
and (33) one evaluates the corresponding timescale,

τ ≃ 48π
Mext

λ2c
log

�
4π

Mext

λ

�
; ð34Þ

so that MðτÞ ≃Mqb. One may consider it takes a single
emission on average for the remnant to decay into horizonless
spacetime with mass parameter M < Mext after moment of
time t > τ.
We construct a spacetime corresponding to the decaying

black hole in the sinh-CGHS model. First, we introduce the
Vaidya solution,

ds2 ¼ −
�
1 −

MðvÞ
Mext coshð2λrÞ

�
dv2 þ 2dvdr; ð35Þ

where MðvÞ is the Bondi mass, for derivation see
Appendix A. The ingoing and outgoing null rays follow
from ds ¼ 0 and Eq. (35).
We mimic the anticipated behavior as following.2 First,

the Bondi mass reaches the value Mi as wave packet
collapses into black hole. One can use shock wave

FIG. 4. Spacetime diagram for the solution of Eq. (35). Thin lines are null rays satisfying equation
Mext coshð2λrðvÞÞð1 − 2r0ðvÞÞ ¼ MðvÞ. Vertical strip represents the wave packet of matter forming an initial black hole with closed
apparent horizon (dashed curve). The black hole evaporates linearly producing a bulk of Hawking radiation. On the final stage it cools
down forming a remnant which eventually decays into a last burst of quantum radiation leaving empty space.

2Such decaying solutions were numerically found in a similar
model of the dilaton gravity with the sprerically reduced Bardeen
black hole as a solution [52] (see also Hayward black holes in two
dimensions [53]). The one-loop correction was introduced as a
quantum source causing the black hole to evaporate. It was found
that inclusion of backreaction rendered regular black holes to be
dynamically unstable in contrast to naive expectations from
Eq. (30).
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approximation. Second, the black hole evaporates accord-
ing to Eq. (30) until it reaches quantum breaking scaleMqb,
triggering a decay modeled by hand. In the end the Bondi
mass can be any Mf < Mext. The resulting spacetime is
shown in Fig. 4.
One needs to point out a feasible pathological behavior.

Since Eq. (8) makes sense at arbitrary negative mass
parameter M the matter fields can backscatter dynamically
to extract an unbounded amount of energy from the gravity-
matter system. Therefore, the regular model can appear
unstable exactly because of singularity absence. It was
conjectured that classical singularities actually should
persist so the negative mass solutions forced to be excluded
from gravitational path integral to make it consistent on the
quantum level [54]. This latter issue can be cured by
forbidding the matter fields to enter the second asymptotic
region so it scatters back. The simplest choice is to
introduce a running mass ∼eϕ of the matter fields or the
reflecting dynamical boundary at ϕ ¼ ϕ0 [55,56].
Let us estimate the black hole decay probability from

purely quantum-mechanical viewpoint. In order to do so we
consider the near-extremal black hole supported by a sharp
wavepacket right under the inner horizon. The tunneling
event disrupts the horizon allowing the wavepacket to get
out of the interior. We assume it is reliable to model the
wavepacket by a single massless particle.3

Given initial and final quantum states Ψi and Ψf the
transition amplitude is represented by the path integral,

Afi ≔ hΨfjŜjΨii

¼ lim
tf→þ∞
ti→−∞

Z
DΦeiI0ð0þ;tfÞþiIðtf;tiÞþiI0ðti;0−ÞΨ�

f½Φþ�Ψi½Φ−�;

ð36Þ
where Φ denotes matter, dilaton, metric, and gauge-fixing
ghost fields.4 The interacting and free classical actions I½Φ�
and I0½Φ� describe evolution along parts of time contour
“encircling infinity” what comes from formal definition of
the scattering operator Ŝ ¼ Û0ð0þ;þ∞Þ · Ûðþ∞;−∞Þ ·
Û0ð−∞; 0−Þ. Integral runs over field configurations Φ
which satisfy boundary conditions Φ� ¼ Φðr; 0�Þ set by
wave functionalsΨf andΨi at the different endpoints of the
contour.
We evaluate the semiclassical amplitude using saddle-

point approximation,

Afi ≃ eiItot½Φcl�; ð37Þ

where Itot ¼ Ii0 þ If0 þ I − i logðΨ�
fΨiÞ is the total action

including interacting and free parts, and wave-functional
boundary terms from Eq. (36). The saddle point configu-
ration Φcl is a generally complex-valued solution of the
boundary value problem.
Instead of the field theory we consider a massless particle

with energy E ¼ Mi −Mf representing a shock wave
passing through gravity region jϕj≲ 1. Mass parameters
Mi and Mf correspond to patches of spacetime before and
after the shock wave moving from left to right.
We find the following amplitude, for calculation see

Appendix C,

AfiðMf;MiÞ ≃ expðiφðMiÞ − iφðMfÞÞ;

where φðMÞ ¼ M
λ
−
2Mext

λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

M2

M2
ext

s
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mext þM
Mext −M

s
;

ð38Þ

which is a pure phase for real solution withMi;Mf < Mext.
In order to obtain correct saddle-point solutions with

Mi;Mf ≥ Mext one needs to perform an analytic continu-
ation. We use a semiclassical method described in
Appendix D. One can show that correct amplitudes are
restored as

AfiðMf;MiÞ ¼ lim
ε→þ0

AfiðMf þ iε;Mi þ iεÞ; ð39Þ

for regularized solutions having a slightly complex mass.
We find the transition probability is exponentially sup-

pressed,

PifðMf;MiÞ ¼ jAfij2 ¼ expð−SBHðMiÞ þ SBHðMfÞÞ;
ð40Þ

for the shock wave tunneling through horizons of the black
hole with massMi and leaving the black hole with massMf

in the final state.
Considering the shock-wave has undefined energy for

external observers it is instructive to average over the final
mass,

hMfi ¼
1

N0

Z
Mi

Mext

dMMPifðM;MiÞ;

N0 ¼
Z

Mi

Mext

dMPifðM;MiÞ; ð41Þ

where Eq. (40) is interpreted as a probability distribution
for an ensemble of black holes with shock waves inside the
interior. By expanding Eq. (41) into a Taylor series at large
Mi one finds,

hMfi ¼ Mi − THðMiÞ; ð42Þ

3We need to stress that backreaction on the metric can be
significant because of the mass-inflation problem [57]. Quantum
corrections can dump the magnitude of this effect but not enough
to treat it as a small perturbation.

4We ignore contributions from Faddeev-Popov ghost fields
considering it negligible in comparison with matter fields having
large central charge.
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which is in agreement with thermodynamic expectations. It
can be demonstrated that Eq. (42) stops working long
before Mqb is reached. Numerical calculations show it
happens at ΔM ¼ OðMextÞ.

V. DISCUSSION

In this paper we compared the entanglement entropy of
Hawking radiation for blackholes in theCGHSmodel and for
regular black holes in the sinh-CGHSmodel using the island
formula. It was found out that the entropy follows the Page
curvebefore anasymptotically stable extremal state is formed
in the regular model but blows up afterwards. Therefore, one
concludes (meta)stable remnants violate unitarity and must
decay fast in order to preserve quantum evolution.
We estimated the decay amplitude using semiclassical

regularization method. We modeled the process by the
massless pointlike particle traveling across the regular
spacetime. Exact calculation yields the S-matrix element
AfiðMf;MiÞ depending on mass parameters on both sides
of the particle worldline. If energies are low the amplitude
is a pure phase and the transition occurs completely
classically. At larger energies the amplitude becomes
exponentially suppressed by a factor expð−ΔSBH=2Þ where
ΔSBH ¼ SBHðMiÞ − SBHðMfÞ is a change in black hole
entropy before and after the transition process. It can be
interpreted as a probability of emitting a single particle with
energy E ¼ Mi −Mf by the black hole with mass Mi.
Additional information inside the phase of the transition
amplitude is not so easily interpreted.
This result brings us to a conclusion that extremal black

holes are unstable and decay by quantum fluctuations
without formation of long-living remnants. It was recently
suggested that black hole remnants can constitute stable
dark matter [58,59] but our finding contradicts this hypoth-
esis.5 At first glance that means a regular black hole model
allows for unitary evolution: the whole spacetime becomes
horizonless and there is nothing preventing matter to escape
from the would-be interior.
However, there is still a caveat. Imagine a situation

where the black hole kept at approximately same mass by
sending wave packets for a long time continuing indefi-
nitely a process of information consumption. Quantum
field theory on the curved spacetime should describe this
situation satisfactorily because for each Cauchy slice there
is a quantum state on a smooth classical spacetime, see
Fig. 5. But the island entropy calculation signifies that
Hawking radiation must contain a second copy of the
internal state. This gives a bound for quantum correlations
to be transferred somehow across the apparent horizon
before its dissolution.

One may consider the scrambling time [61],

tscr ¼
1

2πTH
logSBH; ð43Þ

as an estimate for time necessary for quantum information
to escape from the interior. Evidently, one may prolong
black hole existence so that evaporation time tevap ≫ tscr.
The regular spacetime has no room for quantum fields to
leak out before the moment of decay what brings us to the
xerox paradox similarly to a conclusion from analysis of
the charged near-extremal black holes [62].
Therefore, the semiclassical spacetime is not what

should actually represent black hole evaporation process
because it did not capture quantum information recovery at
all.6 We conjecture some sort of tunneling solutions similar
to the real-time gravitational instantons. One may wonder if
such saddle points of the Lorentzian path integral are
related to the “replica wormholes” by complicated analytic
continuation. The regularization method used to calculate
transition amplitudes provides a consistent framework for
searching these complex-valued solutions.
As a final remark, we outline some directions for future

developments. One proposes to test unitarity of the Smatrix
numerically by evaluating the path integral in coherent
states formalism [65],

hbjŜjai ¼
Z

Dc�kDcke
−
R

dkc�kckhbjŜϵjcihcjai; ð44Þ

FIG. 5. Quantum xerox. Vertical strips are wave packets falling
into the black hole. After scrambling time the quantum informa-
tion returns with Hawking radiation quanta (thin line). One can
make a slicing Σ so that the quantum state jψi is represented
simultaneously inside the black hole interior and in the Hawking
radiation.

5It needs to be stressed that conclusions of our paper should
not be taken for granted in higher dimensions, which requires
additional analysis because extremal black holes have nonzero
Bekenstein entropy in general [60].

6We bring attention to this observation that unitary evolution
can be a problem even on the regular spacetimes without event
horizons. It was advocated that area-law entropic bounds are
universal for any consistent unitary quantum field model [63].
Nevertheless, a precise meaning of the Bekenstein bound is still
under debate [64].
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where Ŝε is the S matrix acting on the subspace corre-
sponding to horizonless spacetime boundary conditions in
theory with genuine quantum fields.
If successful, this regularization method applied to the

toy regular model can be promoted to usual 3þ 1 dimen-
sional gravity. Notably, the infamous nonrenormalizability
problem can be irrelevant to the information paradox. It was
shown by resummation of diagrams with virtual gravitons
exchanging momenta between in and out particles on the
black hole background in certain limit of the effective field
theory that the nonperturbative answer is insensitive to UV
physics [66].
We expect the relevant saddle points bypass singularities

in the “complex plane” so that the strong coupling regime is
avoided and semiclassical calculation of the gravitational
path integral is justified. Interesting question if such
solutions can be mapped onto the “effective geometry”
reflecting dynamics behind the scattering process involving
intermediate black holes and inheriting some properties of
regular solutions. Effects may include light-cone tilting
induced by spacetime fluctuations which allows for appar-
ent FTL propagation near singularity [67]. This approach
can provide a long-awaited answer to questions on how
exactly unitary evolution manages quantum-gravitational
degrees of freedom.
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APPENDIX A: DILATON GRAVITY EQUATIONS

In this appendix we derive equations of motion for the
linear dilaton gravity described by Eq. (4) and interacting
with arbitrary matter, and find its solutions. For simplicity
we assume no coupling to the dilaton in the matter action,
δImatter=δϕ≡ 0. By varying the action I ¼ Ildg þ Imatter

with respect to the dilaton ϕ and the metric gμν we find field
equations,

W0ðϕÞR ¼ 2W00ðϕÞ□ϕþW000ðϕÞðð∇ϕÞ2 − λ2Þ; ðA1Þ

− 2W0ðϕÞ∇μ∇νϕþ gμνð2W0ðϕÞ□ϕþW00ðϕÞðð∇ϕÞ2− λ2ÞÞ
¼ Tμν; ðA2Þ

where □ ¼ gμν∇μ∇ν is the wave operator and

Tμν ¼ −
2ffiffiffiffiffiffi−gp δImatter

δgμν
ðA3Þ

is the matter energy-momentum tensor which to be
specified.
In order to find a general solution of Eqs. (A1) and (A2)

we choose a diagonal ansatz for the metric,

ds2 ¼ −eνdt2 þ eζdr2; ðA4Þ

where ν ¼ νðt; rÞ and ζ ¼ ζðt; rÞ are arbitrary functions of
two coordinates.
One can show the system of Eqs. (A2) with no matter

(Tμν ¼ 0) is equivalent to

∂rν∂tϕþ ∂tζ∂rϕ ¼ 2∂t∂rϕ; ðA5Þ

e−νð2∂2tϕ − ∂tðνþ ζÞ∂tϕÞ þ e−ζð2∂2rϕ − ∂rðνþ ζÞ∂rϕÞ
¼ 0; ðA6Þ

which are (tr) and (tt)+(rr) components correspondingly.
The Minkowsi spacetime (ν ¼ 0 ¼ ζ) with the dilaton,

ϕðt; rÞ ¼ �λr · cosh θ þ λt · sinh θ þ a; ðA7Þ

is a solution of Eqs. (A5) and (A6). One can bring Eq. (A7)
to the “canonic” linear dilaton form ϕ ¼ −λr by exploiting
a Poincare isometry with boost parameter θ, translation a,
and maybe inversion r ↦ −r.
Let us impose the coordinate system with ϕ ¼ −λr. Then

it immediately follows from Eqs. (A5) and (A6),

ζ ¼ ζðrÞ; νðt; rÞ ¼ −ζðrÞ þ cðtÞ; ðA8Þ

where cðtÞ is an integration constant which can be always
removed by residual time reparametrization invariance
in Eq. (A4).
The system of equations reduces to

∂rðð1 − e−ζÞW0ð−λrÞÞ ¼ 0; ðA9Þ

with a solution e−ζðrÞ ¼ eνðrÞ ¼ fðrÞ for which Eq. (A1) is
automatically satisfied.
Finally, let us solve Eqs. (A1), (A2) with massless scalar

field χ,

Imatter ¼ −
1

2

Z
d2x

ffiffiffiffiffiffi
−g

p ð∇χÞ2; ðA10Þ

which has the energy-momentum tensor,

Tμν ¼ ∇μχ∇νχ −
1

2
gμνð∇χÞ2; ðA11Þ

and satisfies the wave equation □χ ¼ 0.
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We introduce the Eddington-Finkelstein metric ansatz,

ds2 ¼ −Fðv; rÞdv2 þ 2dvdr; ðA12Þ
where v is the advanced time. The wave equation reduces to
2∂vχ þ Fðv; rÞ∂rχ ¼ 0, which is automatically satisfied for
ingoing wave packets χðv; rÞ≡ χinðvÞ. The it is easy to
show that the only nonvanishing component of the energy-
momentum tensor is Tvv ¼ ð∂vχinÞ2.
By fixing the linear dilaton gauge ϕ ¼ −λr one finds the

Vaidya solution,

Fðv; rÞ ¼ 1þ MðvÞ
λW0ðϕÞ ; ðA13Þ

where

MðvÞ ¼
Z

v

−∞
dv0ð∂vχinðv0ÞÞ2 ðA14Þ

is the Bondi mass.

APPENDIX B: QEPS LOCATION AND ENTROPY

In this appendix we solve the extremality condition,

∂Sgen
∂rQ

ðrQ; rA;MÞ ¼ 0; ðB1Þ

where Sgen is given by Eq. (24) to determine positions of
quantum extremal points rQ ¼ rQðM; rAÞ.
In case of the CGHS model Eq. (B1) becomes

1

λ

∂Sgen
∂rQ

¼ 16πe2λrQ þ 2c
3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2λrQ − M

2λ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2λrA − M

2λ

q
×

e2λrQffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2λrQ − M

2λ

q −
c
3

¼ 0; ðB2Þ
which can be solved numerically, see in Fig. 6(a).

One can approximately resolve the extremality condition
which reduces to

�
e2λrQ −

c
48π

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2λrQ −

M
2λ

r
¼ c

24π
eλð2rQ−rAÞ ðB3Þ

in the limit rA ≫ rhorðMÞ ¼ logðM=2λÞ=2λ so that solution
of Eq. (B2) interpolates between two branches,

rQ ¼ 1

2λ
log

�
M
2λ

�
; M > Mc

r0Q ¼ 1

2λ
log

�
c

48π

�
; M < Mc; ðB4Þ

becoming exact in the limit rA → þ∞, see in Fig. 6(a). For
large black hole mass the QEP lies slightly above the event
horizon and for lighter masses gets stuck at critical value of
the mass parameter Mc ¼ cλ=24π.
Substituting the infrared regulator,

S0ðc; ϵ; rAÞ ¼ −
c
3
λrA þ

2c
3
logðλϵÞ þ c

6

�
log

�
c

48π

�
− 1

�
;

ðB5Þ

and Eq. (B4) into Eq. (25) so that SentðMcÞ ¼ 0 one
derives Eq. (26).
In case of the sinh-CGHS model the extremality con-

dition on rQ can be solved numerically, see in Fig. 7(a).
One can prove that rQ ¼ rhorðMÞ from Eq. (9) in the limit
rA → þ∞ for all masses M ≥ Mext. We can directly check
this analytically for the extremal solution M ¼ Mext.
By keeping λrQ one finds from the extremality condition

(B1),

1þMext

Mc
λrQ ¼ 1

1
2
þ λ2rQrA

; ðB6Þ

which has an asymptotic solution,

FIG. 6. (a) Positions of QEP rQ at different values of rA as function of black hole mass for the CGHS model. Smooth blue curve is
numerical solution of Eq. (B2) at finite rA, whereas red line corresponds to the limit rA → þ∞. (b) Generalized entropy functional
calculated for finite rA (thick) and in the limit rA → þ∞ (thin).
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λrQ ≃
1

2λrA
−

1

4λ2rA2
Mext

Mc
; ðB7Þ

at large rA. Therefore, one concludes from monotonic
behavior in rQðMÞ the QEP always stays close to the event
horizon.
Substitution of Eq. (B7) into generalized entropy func-

tional gives a formula,

Sext ¼
c
3
logð2λrAÞ þ

c
6

�
log

�
16Mc

Mext

�
− 1

�
þ 4πMext

λ2rA
;

ðB8Þ

which is divergent in the limit rA → þ∞. Dependence on
the position of the anchor point A in Eq. (B8) suggests this
divergence is related to soft modes living in the near-
extremal black hole background.

One can see from Eq. (B8) the infrared regulator can not
be chosen as we did in the previous subsection by setting
the entropy to zero for extremal solutions. What we do
instead is to look at large M asymptotics to compare with
the CGHS model. One can expect that physics of the
Hawking radiation is insensitive to the extremal mass if
black holes are comparably large. Therefore, their relative
entropies have to match

SgenðM;MextÞ
SgenðM; 0Þ ≃ 1 ðB9Þ

as M → þ∞ so that the external observer is ignorant of
internal degrees of freedom and cannot distinguish large
black holes in different models.
By plugging rQ ¼ rhorðMÞ into Eq. (24) and setting S0

so that Eq. (B9) is satisfied one obtains a nasty crocodile,

Sent½R� ¼
4π

λ
M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
Mext

M

�
2

s
þ N

6

2
4log�M

2λ

�
− log

�
1 −

�
Mext

M

�
2
�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
Mext

M

�
2

s
log

0
@ M
Mext

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
Mext

M

�
2

− 1

s 1
A

þ log

0
@1þ Mext

M −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðMext

M Þ2
q

1þ Mext
M þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðMext

M Þ2
q

1
A − 1þ log

�
N
48π

�35þ N
3

0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
Mext

M

�
2

s
− 1

1
AλrA; ðB10Þ

which has a minimum,

Smin ≃
c
6

�
log

�
Mext

Mc

�
þ 1 −

2Mc

Mext

�
; ðB11Þ

at the value of mass parameter M0
qb ¼ Mext þ 2Mc

2=Mext,
see Fig. 7.

APPENDIX C: TRANSITION AMPLITUDE
CALCULATION

By calculating the total action,

Itot½Φ� ¼ Isw þ Ildg þ IGH þ Ifree − i logðΨ�
fΨiÞ; ðC1Þ

we determine the transition amplitude for the massless
particle Afi ¼ expðiItot½Φ�Þ in the semiclassical approxi-
mation. Let us evaluate all terms from Eq. (C1) in order of
appearance by following guidelines from the technical
Appendix from a previous paper [12].
The first term in Eq. (C1) is the massless particle (shock

wave) action,

Isw ¼
Z

dζΛðζÞðdxμ=dζÞ2; ðC2Þ

which vanishes on shell. The equation of motion for the
shock wave is ðdxμ=dζÞ2 ¼ 0, which has a general solution
t ¼ r̄ðrÞ þ const, cf. Eq. (17). By using t ¼ r̄ðrÞ one can

FIG. 7. (a) Position of QEP rQ at different values of rA as function of black hole mass for the sinh-CGHS model. The blue curve is
numerical solution of extremality condition at finite rA, red line is a solution in the limit rA → þ∞. (b) Generalized entropy functional
calculated for finite rA (thick) and in the limit rA → þ∞ (thin).
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express the asymptotic time in the limit rf;i → �∞ as,

tf ¼ rf þ ΔðMÞ; ti ¼ ri − ΔðMÞ; ðC3Þ

where

ΔðMÞ ¼ M
λMext

arctan

0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mext þM
Mext −M

s 1
A, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
M2

M2
ext

s
;

ðC4Þ

for both spacetime patches with mass parameters Mi and
Mf. We use indices R and L to denote variables related to
the right and left spacetime patches, correspondingly. Note

that the mass parameters areMR ≡Mi andML ≡Mf as the
shock wave moves from left to right.
The second term is the dilaton gravity bulk action

defined by Eq. (4) which can be rewritten using field
equations as

Ildg ¼
2Mext

λ

Z
M

d2x
ffiffiffiffiffiffi
−g

p □ϕ

coshð2ϕÞ
−
2Mext

λ

Z
∂M

ds coshð2ϕÞκnμ∇μϕ; ðC5Þ

where σ is the proper time/distance on the boundary of
spacetime, nμ is the outer normal, and κ ¼ nμnμ ¼ �1.
For a static empty spacetime one has □ϕ ¼ −λf0ðrÞ so

that Eq. (C5) simplifies,

Ildg ¼
Z

tL;f

tL;i
dtL

�
Mf

cosh2ð2λrðtLÞÞ
−

Mf

cosh2ð2λrLÞ
− 2Mext coshð2λrLÞfLðrLÞ

�

þ
Z

tR;f

tR;i
dtR

�
Mi

cosh2ð2λrRÞ
−

Mi

cosh2ð2λrðtRÞÞ
þ 2Mext coshð2λrRÞfRðrRÞ

�
; ðC6Þ

where r ¼ rL and r ¼ rR are the left and right timelike
boundaries of spacetime, nμ∂μϕ ¼∓ λ

ffiffiffi
f

p
, and nμ∂μϕ ¼ 0

for the spacelike boundaries at t ¼ tf;i.
One finds

Ildv ≃
Z þ∞

−∞
dr
�

Mf

fLðrÞ cosh2ð2λrÞ
−

Mi

fRðrÞ cosh2ð2λrÞ
�

¼ 2λM2
ext

�
ΔðMfÞ
Mf

−
ΔðMiÞ
Mi

�
; ðC7Þ

where integration variables were changed using the shock-
wave equations of motion r ¼ rðtR;LÞ and Eq. (C4) was
applied in the limit rf;i → �∞.
The third contribution in Eq. (C1) are the Gibbons-

Hawking terms,

IGH ¼ −
Mext

λ

Z
ds sinhð2ϕÞκðK − K0Þ; ðC8Þ

where K ¼ ∇μnμ is the extrinsic curvature of the boundary
and the parameter K0 removes divergence from Eq. (C6);
one sets K0 ¼ 0 for spacelike parts of the boundary at t ¼
tf;i and K0 ¼ �2λ for timelike parts at r →∓ ∞.
The Gibbons-Hawking terms give nonzero contribution

from points r× ¼ rðtf;iÞ where the shock wave crosses the
Cauchy surfaces t ¼ tf;i. Integrating in the vicinity of the
crossing point one obtains,

2

Z
dsK ¼ log

�
fLðr×Þ
fRðr×Þ

�
; ðC9Þ

where K is delta functional.
Contributions from both Cauchy surfaces double each

other,

IGH ¼ Mi −Mf

λ
; ðC10Þ

in the limit rf;i → �∞.
Notice that expression (C7) changes its sing if Mf and

Mi are swapped. One concludes that total amplitude should
suffice

AfiðMf;MiÞ ¼ AfiðMi;MfÞ; ðC11Þ

where overline designates complex conjugation.7

The last two terms in Eq. (C1) comes from free evolu-
tion operators Û0 and semiclassical wave functions
Ψf;i ¼ expðipr̄f;iÞ. The Hamiltonian action of the massless
particle with energy E and momentum p,

I0 ¼ E
Z

dt − p
Z

dr; ðC12Þ

where integration is along parts of the time contour
corresponding to free evolution,

7Mf and Mi swap change energy sing E ↦ −E which gives
complex conjugate of amplitude corresponding to evolution
backward in time.
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Isw;0ðti; 0Þ ¼ pðri − r̄iÞ − Eti;

Isw;0ð0; tfÞ ¼ pðr̄f − rfÞ þ Etf; ðC13Þ

so that t ¼ tR is an asymptotic time on the right patch with
massMi for definiteness. Combining all of this one obtains
an expression,

Ifree − i logðΨ�
fΨiÞ ¼ ðMi −MfÞðtf − rf − ti þ riÞ

þ iMfτdelay; ðC14Þ

where the last factor comes from gravitational time deficit
of a phase factor e−iMft from free evolution of the static
configuration with mass Mf. The delay time τdelay ¼
2ΔðMiÞ − 2ΔðMfÞ so that the free action,

Ifree − i logðΨ�
fΨiÞ ¼ 2MiΔðMiÞ − 2MfΔðMfÞ; ðC15Þ

respects the swap property (C11).
Combining Eqs. (C7), (C10), and (C15) we find the total

action,

Itot ¼
MR −ML

λ
−
2Mext

λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

M2
R

M2
ext

s
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mext þMR

Mext −MR

s

þ 2Mext

λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

M2
L

M2
ext

s
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mext þML

Mext −ML

s
; ðC16Þ

which encodes both phase and suppression exponent of the
semiclassical transition amplitude.

APPENDIX D: SEMICLASSICAL
REGULARIZATION METHOD

In this appendix we apply a consistent approach for
calculating amplitudes of classically forbidden proc-
esses [11,12].
Evidently, the transition amplitude shall not be affected if

one inserts a unity into the measure DΦ in Eq. (36),

1≡
Z þ∞

0

dT
Z

i∞

−i∞

dε
2πi

eεðT−T int½Φ�Þ; ðD1Þ

where T int½Φ� is some positive definite on real solutions and
diffeomorphism-invariant functional. It should be finite on
any solutions interpolating from asymptotically static
configurations with Mi < Mext to ones with Mf < Mext

but diverge as the extremal configuration approaches.
Loosely speaking T int½Φ� measures a traversal time for
matter passing through the interaction region jϕj ≲ 1.
One finds a regularized path integral with complex

action,

Iε½Φ� ¼ I½Φ� þ iεT int½Φ� − iεT; ðD2Þ

and additional integrations over ε and T. The saddle-point
equations,

δI½Φ�
δΦ

þ iε
δT int½Φ�
δΦ

¼ 0; T int½Φ� ¼ T; ε ¼ 0; ðD3Þ

determine a new solution which should be found by solving
first Eqs. (D3) and then taking a limit ε → þ0.
We propose a functional,

T int ¼ −
2

λ2

Z
d2x

ffiffiffiffiffiffi
−g

p
LðϕÞðλ2 − ð∇ϕÞ2Þ2; ðD4Þ

where

LðϕÞ ¼ M2
ext cosh2ð2ϕÞ

2λ2
ðδðϕ − ϕRÞ − δðϕ − ϕLÞÞ ðD5Þ

is localized far from interaction region. For the shock wave
moving from left to right one finds,

T int ¼ 2M2
iΔðMiÞ − 2M2

fΔðMfÞ
− ðM2

i −M2
fÞðϕR − ϕLÞ=λ; ðD6Þ

which satisfies the above requirements.
From Eq. (A2) we derive

e−ζζ0 þ 2λthð2λrÞð1 − e−ζÞ

¼ −
iελ
2

Lð−λrÞthð2λrÞð1 − e−ζÞ2; ðD7Þ

where the energy-momentum tensor following from
Eq. (D4) was used.
One finds a solution,

1 − e−ζ ¼ M
Mext coshð2λrÞ

×

�
1þ iεM

2Mext

Z
−λr

−∞
dϕ

LðϕÞ
cosh2ð2ϕÞ

�
−1
; ðD8Þ

which reads that mass acquires a positive imaginary shift,

Mi;f ↦ Mi;f

�
1 −

iεMextMi;f

4λ2

�
−1

≃Mi;f þ iε0;

ε; ε0 > 0; ðD9Þ

validating the analytic continuation in Eq. (39).
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