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We construct a large number of exact solutions of three-dimensional gravity with heavy matter particles
that generalize the construction of Antonini, Sasieta, and Swingle, argued to define CFT states dual to a
spacetime with a closed baby-universe cosmology. Our construction starts with an arbitrary heavy-particle
closed universe cosmology of the type constructed in Maloney, Meruliya, and Van Raamsdonk
[arXiv:2503.12227] and via a gluing procedure adds an arbitrary number of AdS tubes connecting
the past and future conformal boundaries of the associated Euclidean wormhole solution. With our
construction, it is straightforward to produce examples where the cosmology is approximately homo-
geneous and isotropic. We describe a necessary condition for the cosmological wormhole saddle to
dominate the Euclidean path integral with the specified boundary conditions. We argue that the original
Antonini-Sasieta-Swingle construction usually does not meet this condition and describe alternative
saddles that are likely to dominate. We discuss various possibilities for how the cosmological saddle might

be made to dominate in our generalized construction.
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I. INTRODUCTION

Recently, there has been significant interest in the
description of closed universe cosmologies in quan-
tum gravity. Some discussions make use of formal argu-
ments involving the gravitational path integral; these
have suggested that the Hilbert space for a closed uni-
verse should be one-dimensional [4-7] and led some
authors to speculate that observers must be introduced
explicitly in the formalism in order to recover a more
conventional picture of the physics with a nontrivial
Hilbert space [8—11]. A different approach has been to
construct closed universe cosmologies in the context of
negative A gravitational effective theories and to try to
interpret these solutions microscopically using the tools
of holography [1,12—-17]. In this approach, it has been
argued generally in [18] that in the holographic des-
cription of a closed universe cosmology we generally
find a set of auxiliary degrees of freedom that provide a
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'Other arguments that hint toward essentially the same con-
clusion can be found in [1-3].
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Hilbert space for the cosmology. This is reminiscent
of the observer story, but here the auxiliary degrees of
freedom are built in to the construction, as opposed to
being added.

In [19] (which we will refer to as AS?), Antonini,
Sasieta, and Swingle present an intriguing Euclidean path
integral construction for a state of two CFTs on §¢ that is
proposed to be dual to a pair of AdS spacetimes together
with a disconnected closed universe cosmology. The
cosmology is an anisotropic big-bang—big-crunch negative
A cosmology supported by a shell of matter distributed
on the equator of a spherical topology universe that is
otherwise empty. There has been significant debate in the
literature about whether the CFT state constructed by [19]
actually encodes the physics of the cosmology. In [20],
the authors pointed out that the standard AdS/CFT dic-
tionary would interpret the AS?> CFT state as dual to two
AdS regions containing an entangled state of low-energy
gases of particles. This would lead to the puzzling
conclusion that a single CFT state has two dual gravita-
tional interpretations: one with a closed universe and one
without it. Arguments against the semiclassical validity
of the closed universe picture were given in [21,22],
while [23] argued that the breakdown of semiclassicality
is not necessarily severe, or even nonexistent if a notion of
averaging is introduced. From a different perspective, [24]
showed that, in situations with low entanglement (not
scaling with N), the dominance of the saddle containing
a disconnected closed universe implies that the state does
not have a good large-N limit, calling into question the
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status of the construction.” Alternatives to interpret the
cosmological saddle in terms of a modified, averaged
large-N limit have been proposed [24,26,27], but there
is currently no fully satisfactory implementation of
this idea.

In this paper, our goal is to extend and comment on
the AS? construction in several ways, adding to the pre-
vious discussion another possibility for interpreting the
AS? saddle—namely, that it is subdominant.” First, using
the methods of [12], we construct a large class of fully
backreacted three-dimensional gravity solutions that realize
the AS? construction at a higher level of microscopic detail
and significantly generalize it. While the AS? construction
approximates the matter as a uniform shell (or ring in the
3D case), our construction treats each matter particle
individually as a gravitational source producing a conical
defect. This applies for matter particles with masses of the
order of ¢/ 45 ~ 1/G but less than the black hole thresh-
old m, = 1/(4G). These particles correspond to individual
operator insertions in the corresponding CFT path integral.
Our generalization allows cosmologies with general spatial
topology and completely general distributions of matter
particles (satisfying appropriate constraints). In particular,
it allows the construction of cosmologies that are arbitrarily
close to being homogeneous and isotropic. The techniques
we develop allow also to treat generalizations of the AS?
setup in which the cosmology is empty and the spatial
slices are surfaces with genus g > 2, including as a special
case the model discussed in [28].

We show that, for a given cosmology, there is actually
an infinite family of possible Euclidean constructions that
continue to a Lorentzian spacetime including the cosmol-
ogy. Each of these is related to a parent Euclidean worm-
hole of the type constructed in [12], which provides
the simplest analytic continuation of the cosmology. The
associated AS? constructions are obtained from this parent
wormbhole via a surgery that connects the two sides of the
wormhole by gluing in additional finite AdS cylinders or,
more generally, AdS cylinders with matter particles. This is
illustrated in Fig. 1. The various gluings preserve the time-
reflection symmetry of the wormhole. For each additional
cylinder that we glue in, the associated Lorentzian space-
time contains an additional copy of AdS entangled with the
cosmology.

With our construction, there is now a huge variety of
possible CFT states whose dual potentially includes the
cosmology. A key question is whether any of these have the
cosmology as the dominant part of the dual gravitational
wave function. This requires that the associated Euclidean

“In the context of two-dimensional gravity, a model that avoids
some of these issues was introduced in [25].

The recent work [28] also reaches this conclusion for a special
case of our construction.

i

FIG. 1. Left: a Euclidean wormhole supported by matter
particles corresponding to operator insertions; the Lorentzian
continuation is a closed universe big-bang-big-crunch cosmo-
logy. Right: via surgery, we can add arbitrary numbers of AdS
cylinders connecting the past and future conformal boundaries.
These may include some of the matter particles (removing the
portion of the boundary that contained the corresponding
operator insertion). The Lorentzian continuation now contains
the cosmology and a number of asymptotically AdS spacetimes,
some containing partner particles entangled with particles in the
cosmology.

geometry provides the dominant saddle with the specified
boundary conditions. In Sec. III, we introduce a necessary
condition for this dominance (previously mentioned briefly
in [17]). The idea is that if we have a CFT/gravity path
integral whose dominant saddle contains a wormhole
that continues to a cosmology, slicing this path integral
along the length of the wormhole constructs a state that
contains a Lorentzian wormhole. The dual state constructed
by the CFT version of this sliced path integral must be an
entangled state of two CFTs, and, by the Ryu-Takayanagi
formula, the entanglement entropy must be of the order
of c¢. Requiring the path integral construction to produce
entanglement entropy of this order is our necessary
condition.

Applying our criterion to the original AS? construction,
we find that the necessary condition does not appear to be
satisfied or at least would require extreme fine-tuning in the
choice of operator insertions in order to be satisfied. We
discuss in Sec. I'V other saddles that could dominate in our
version of the AS? construction, providing explicit calcu-
lations showing that these have lower action.

In Sec. IV, we also ask whether any of our more general
path integral constructions could give a dominant saddle
containing the cosmology. There is already one such
example, discussed by one of us in [17], where the
“particles” in the cosmology are taken to have masses
sufficiently above the black hole threshold so that they
become relatively large black holes. More generally, we
argue that a dominant saddle might arise in the situa-
tion where (at some large but finite ¢) we have of the
order of ¢ additional tubes glued in to connect the two
sides of the cosmological wormhole. In this case, the
dual state would be an entangled state of a very large
number of CFTs. We suggest one other possibility for
cosmological dominance in the discussion: In certain cases,
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FIG. 2. Left: a geodesic polygon in H?. Right: polygons with matching side lengths can be glued together smoothly, with possible

conical defects at the vertices.

it may be that, while the action of any individual cosmo-
logical saddle is larger that that of certain noncosmological
saddles, there are a vast number of possible cosmological
saddles that result in saddles of cosmological type domi-
nating the Euclidean path integral and, thus, the Lorentzian
wave function.

II. SETUP AND GENERALITIES

In this paper, we describe a large class of pairs (M, M)
of solutions of three-dimensional gravity with A < 0,
where My is a connected Euclidean spacetime with
time-reflection symmetry and M is a Lorentzian continu-
ation of M which includes one or more closed universe
cosmologies. The solutions are all locally AdS; with
conical defects and will be constructed using the tools
in [12,17] that we now briefly review.

A. Cosmological wormholes

The starting point for our construction is a special case
described in [12], where M, is a time-reflection-symmetric
Euclidean wormhole solution and M is a closed universe
big-bang—big-crunch cosmology.

The spatial geometry X of the slices fixed by time-
reflection symmetry is common to M and M. It is a
compact space obtained by gluing together geodesic poly-
gons, as illustrated in Fig. 2.

When gluing together polygons, we can smoothly
glue any two sides with equal geodesic length; the sides
may be from two different polygons or two different
sides of the same polygon, however we assume that all
the polygons are oriented and that the gluings respect
orientation. We consider gluing a collection of polygons
such that the final surface is compact and without bounda-
ries. The resulting space may include conical defects at the
vertices. These correspond to the locations of massive
particles. For a conical deficit §, we require a particle
of mass

82Gm = 6 (2.1)

in order that Einstein’s equations are satisfied. We restrict to
the situation with no conical excesses so that all particles
have positive mass.”*

Given the geometry ¥ with metric dX?, the Euclidean
wormhole geometry My can be described most simply via
the metric

ds? = du® + cosh?(u/¢)d=?. (2.2)
This has two conformal boundaries, each with the same
conformal geometry as X, at u = +o0.

The associated cosmology M is described by the analytic
continuation

ds? = —dr* + cos?(1/£)dz>. (2.3)
These geometries are locally AdS; away from the conical
singularities. The geometry near any one of the conical
defects can be represented as in Fig. 3; the time evolution of
each polygon adjacent to the vertex can be represented as a
geodesic prism in Friedmann-Robertson-Walker (FRW)
coordinates with the chosen vertex at the center of the
hyperbolic disk.

There is a nice relation between the total amount of
matter in the cosmology, the 2D spatial volume and the
genus given by [12]

1 %
My =—(=— . 2.4
tot 4G (277:fz +)(> ( )

1. Alternative representation

For our construction below, it will be useful to give an
alternative representation of the wormhole spacetimes.

For each polygon in X, consider a copy of Euclidean AdS
described by the metric

See Ref. [12] for a description of the most general such
compact space.
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FIG. 3. Regions adjacent to a conical defect (red) can be
represented as geodesic prisms in FRW coordinates. Note that
this picture is not the usual AdS cylinder with time-translation
symmetry; the conformal boundary is at u = oo in these
coordinates.

1 2 2\ 2
ds? = ﬂ[(ilf; fy2> dr?
y

Choose an embedding of the polygon in the 7 = 0 slice
such that x = y = 0 is an interior point of the polygon. In
these coordinates, each side of the polygon is a geodesic
described by the arc of a circle C; that intersects the
boundary circle x> + y? = 1 orthogonally. Each such circle
is the 7 = O slice of a unique time-reflection-invariant two-
dimensional geodesic surface S; in AdS3.5

We extend our polygon P to a region Vp of AdS;
obtained by removing the exterior of each surface S;
(i.e., the side not including the polygon). In the cylinder
coordinates, the remaining portion of AdS; is reminiscent
of a tree trunk that has been chewed by a beaver. We
will refer to Vp as a “chewed AdS;.” The geometry Vp
corresponding to polygon P is illustrated in Fig. 4.

For a closed surface X obtained by gluing together
polygons {P,}, we can describe a time-reflection-
symmetric locally AdS; geometry for which this surface

5 . . .
In Poincaré coordinates

fZ
ds? = 7 (dZ? + dX? 4 dY?), (2.6)

where X is the surface Y = 0 and C; is the arc with Z2 X2 =1,
the surface S, is described by Z% + X? + Y2 = 1. In the cylinder
coordinates AdS;, §; intersects the boundary of the cylinder on a
closed curve symmetric under horizontal and vertical reflections.

LS
A

FIG. 4. Each hyperbolic polygon P in the Poincaré disk can be
extended to a time-reflection-symmetric region Vp of AdS;
bounded by geodesic surfaces. In the coordinates (2.5), if the
center of the hyperbolic disk 7 = 0 is an interior point of the
polygon, Vp contains the two asymptotic regions 7 = +oco0. We
refer to such a Vp as a chewed AdS;.

is the time-reflection-invariant slice by simply gluing
together the set of chewed AdS geometries {Vp } along
the surfaces S; corresponding to the glued polygon sides, as
shown in Fig. 5. This gives an alternative construction of
the wormhole geometry that we described above via the
metric (2.2). Each prism in the FRW coordinates in Fig. 3
corresponds to one Vp in the static coordinates in Fig. 4.

B. AS? geometries

Starting from one of the wormhole solutions that we
have constructed in the previous section, we can construct a
very large family of additional solutions whose Lorentzian
continuation includes the same cosmology by a gluing
procedure that we now describe. These new solutions
generalize the AS? construction in [19].

We give two equivalent descriptions of the construction.
First, starting with the representation in Fig. 4, we can
obtain new solutions by truncating the top and bottom
of one or more of the cylinders in a reflection-symmetric
way and gluing them together. For each AdS, we have a
continuous parameter that controls the amount of the
cylinder that we keep. We could also choose to glue
together the top and bottom cylinders after some permu-
tation, though only certain choices here will respect the
time-reflection symmetry. Together with the parameters
associated with embedding each polygon in hyperbolic
space, we have all together a large number of parameters
characterizing the Euclidean solution when the number of
polygons is large.

For each of these glued solutions, the slice left invariant
by time-reflection symmetry now includes n copies of H?
(the gluing surfaces) when we have truncated and glued n
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FIG. 5.
a wormhole geometry.

Each gluing of hyperbolic polygons to form a closed surface can be associated with a gluing of chewed AdS spaces to describe

FIG. 6. Left: constructing an AS?-type geometry from a wormhole geometry by removing a region bounded by geodesic surface and
its Z, image and gluing across these surfaces. We can add arbitrarily many of these connections. Right: gluing across a surface that

includes a particle.

of the cylinders. In the Lorentzian continuation, we have n
copies of Lorentzian AdS together with a single closed
universe cosmology.6 We will see below that the original
AS? construction represents a special case where n = 2 and
we start with a very particular wormhole.

An alternative way to understand the AS?-type solutions
is to note that the wormhole geometry for a given X has a
pair of conformal boundaries related by time-reflection
symmetry. Consider any extremal surface that ends on one
of these conformal boundaries and avoids any of the
conical singularities (particles). Consider also the image
of this surface under the time-reflection symmetry. We can
excise the part of the geometry between each of these
surfaces and the conformal boundaries and then identify the

6 . . . .
See the discussion for a generalization where we have
arbitrary numbers of closed universes.

two surfaces (or glue in a tube of AdS; that connects them),
as shown in Fig. 6 (left). In this way, we can add an
arbitrary number of additional AdS; “tubes” to the geom-
etry while preserving the Z, symmetry.

We can perform a similar construction but include one or
more of the particles in the glued tube region, as shown in
Fig. 6 (right). In this case, we have an additional asymp-
totically AdS geometry in the Lorentzian solution that
includes the particles that intersect the gluing surface.

The gluing picture suggests a generalization to arbitrary
dimensions. Starting from any Euclidean wormhole sol-
ution that gives rise to a cosmology under analytic
continuation, the asymptotic regions 7 — oo become
arbitrarily close to pure AdS (since all contributions in
the Euclidean Friedmann equation dilute faster than the
negative cosmological constant as the scale factor grows).
Thus, we can perform a similar gluing procedure, removing
regions bounded by geodesic surfaces at either end of the
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wormhole and then identifying the solution across the two
surfaces.

C. The AS? construction with discrete particles

We can describe a class of solutions that matches
precisely with the original AS? construction as follows.
Take any two regular hyperbolic n-gons for any n > 3 and
glue sides cyclically, moving clockwise around one n-gon
and counterclockwise around the other n-gon. The AS?
construction based on this gluing is depicted in Fig. 7;
we will see that it corresponds to a fully backreacted
unsmeared version of the original construction.

The polygon can be decomposed into 2n right triangles
of the type shown in Fig. 8. Using the hyperbolic law of

(| t

FIG. 7. An exact discrete particle version of the original AS?
construction in AdS;.

FIG. 8. A hyperbolic n-gon with side length A and vertex angle
a can be decomposed into 2n of these right triangles.

cosines and momentarily setting £ = 1, we have that

A
coshR = cosh L coshE. (2.7)
The hyperbolic sine law gives
inh L inh(A/2
sinh g — SR E__ sinh(4/2) (2.8)

sin(a/2)  sin(z/n)

Squaring the cosine relation and using the sine law to

eliminate sinh L and sinh(A/2), we get

. ., ST ., ., T
1 = sinh? R sin? 5 sin? = + sin? = + sin? =
n

: (2.9)

The conical deficit is 6 = 2z — 2a, so, using (2.4), the mass
of each particle is

T—Q

== 2.10
" 4G (2.10)
and the total mass is
n(r—a)
M=——= 2.11
Az G ( )

Taking a limit where the number of particles goes to infinity
keeping the total mass M fixed, each polygon becomes a
disk of radius R in hyperbolic space, with

coshR =2GM. (2.12)

The circumference of the disk is the limiting value of
C = nA, which gives

C =2zsinhR = 27,/ (2GM)* — 1.

1. Boundary geometry

(2.13)

The boundary of this AS? construction is topologically a
torus, but the boundary geometry as we have presented it so
far is not flat because of the identifications, depicted in
Fig. 9. However, after a Weyl transformation, we can map it
to a flat rectangular torus with two Z,-symmetric rings of
operator insertions at opposite sides of the torus, as in the
original AS? construction.

To see this, we note that the boundary geometry divides
into equivalent pieces as shown in Fig. 10. Via a Weyl
transformation, each of these can be mapped to a flat
rectangle.7 Combining such Weyl transformations for all

"Here, we use the Riemann mapping theorem to guarantee a
conformal transformation that takes the region to a disk with the
corners mapping to four specific points around the boundary.
There is a further conformal transformation to take this to a
rectangle with the corners of our original region mapping to the
corners of the rectangle. The 2D conformal transformation is
equivalent to a Weyl transformation plus a diffeomorphism.

106010-6
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FIG. 9. Boundary geometry for the AS? construction in Fig. 7.
The geometry is flat away from the indicated identifications,
which impart local curvature.

2o C
!

FIG. 10. The boundary geometry in Fig. 9 may be divided
into 2n equivalent flat pieces shown in the top figure. A Weyl
transformation can map each of these pieces into a flat rectangle,
after which the full geometry becomes a rectangular torus.

the elementary regions, we end up with a flat rectangular
torus with the operator insertion in Z,-symmetric rings, as
desired.

The conformal field theories on these two geometries
related by a Weyl transformation are equivalent, so our
construction does give a saddle for the 2D CFT version of
the original AS? construction.

D. Homogeneous and isotropic AS? geometries

We now discuss a variety of other interesting examples
that generalize AS>.

1. Approximately homogeneous and isotropic
cosmologies

With the general construction we have described, it is
possible to find many examples where the cosmology is
approximately homogeneous and isotropic, in contrast to
the original AS? where the matter is arranged on a single
spherical shell. For example, we can start with any
approximately homogeneous and isotropic triangulation
of a unit sphere, replace all of the triangles with hyperbolic
triangles whose lengths are any positive multiple of the side
lengths in the triangulation, and then glue these together,
adding particles of the appropriate masses. Each vertex in
the sphere triangulation already has a deficit angle when the

triangles are flat, and replacing with hyperbolic triangles
with the same side lengths always decreases the angle, so
we will always have positive deficit angles and positive
masses in this construction. We can then make identifica-
tions on an arbitrary number of the AdS cylinders in the
representation in Fig. 5 or add in an arbitrary number of
tubes according to Fig. 6.

2. Single AdS AS? geometries

As an interesting special case, we can have a large class
of solutions where the associated AS? geometry has only a
single copy of AdS. For example, we can start with any
polygon in hyperbolic space where the side lengths each
have even multiplicity and glue sides together in equal-
length pairs. Provided that all the resulting vertices have
conical deficits, we get a valid solution that involves only
a single chewed AdS. The corresponding AS? solution
obtained by gluing the top and bottom parts of the AdS
cylinder has only a single copy of AdS in the Lorentzian
picture along with the cosmology.

3. Vacuum AS? solutions

There are many cases where the surface X is completely
smooth, so we get a Maldacena-Maoz-type cosmology (of
spatial genus g > 2) without any matter. For the genus-2
case, we can start with a hyperbolic octagon with the
identifications shown in Fig. 11. By making the analogous
identifications in the corresponding chewed AdS and
also gluing the truncated top and bottom portions of the
AdS cylinder, we get a family of AS? solutions whose
Lorentzian continuation has a single AdS together with the
Maldacena-Maoz cosmology. An example of such a sol-
ution (with not one, but two AdS region) was discussed
recently in [28].

4. One particle on a torus or three particles on a sphere

The simplest examples with genus 1 and genus 0 have
one and three particles, respectively. We can obtain these
from the identifications of a hyperbolic quadrilateral shown

FIG. 11. Identifying the indicated sides of a regular right-
angled hyperbolic octagon gives a smooth genus-2 surface.
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FIG. 12. Self-gluings of a hyperbolic quadrilateral that give
three particles on a sphere (left) or a single particle on a torus
(right).

in Fig. 12. Alternatively, we can make identifications
starting with a pair of hyperbolic triangles.

ITII. A NECESSARY CONDITION FOR
DOMINANCE OF THE COSMOLOGICAL SADDLE

In this section, we describe a test that can be used to
evaluate whether a saddle of the gravitational path integral
giving rise to a cosmology can be the dominant one.”

The basic idea is the following: Consider some
Euclidean geometry that is proposed to be a dominant
saddle for a path integral in a holographic theory. Suppose
that some slicing of this gives the initial data for a closed
universe cosmology. Now we instead consider an orthogo-
nal slicing in a plane that includes the original Euclidean
time. This slicing cuts through the length of the wormhole,
so it gives initial data for a Lorentzian spacetime that
includes a two-sided black hole—this kind of slicing has
been recently discussed in [29] for Maldacena-Maoz-type
wormholes. The existence of the black hole as the dominant
part of the gravitational wave function implies that the
dual CFT state has order ¢ entanglement (e.g., using the
Ryu-Takayanagi formula). Thus, the Euclidean CFT path
integral associated with the original Euclidean gravity path
integral must be able to produce order ¢ entanglement
between the two CFTs associated with the two sides of the
wormhole. The various slicings described here are depicted
in Fig. 13.

A. Testing the original AS? construction

Let us apply this criterion to the original AS? construc-
tion. The two relevant slicings are depicted in Fig. 14.
Here, we have infinitesimally adjusted the locations of the
operator insertions so that half are on one side of the
vertical green slicing and half are on the other side. Our
criterion says that if the horizontal red slicing produces a
state with a baby-universe cosmology as the dominant
contribution, the vertical green slicing should produce a
state of two CFTs dual to a two-sided black hole and,

This was mentioned briefly in footnote 2 in Ref. [17].

therefore, have order ¢ entanglement. We can write this
state explicitly as

%) = 0, ® O ¥rr(6). (3.1)
where we start with the thermofield double (TFD) state at
large f and then act with the same operator in each CFT.
The operator O is defined by a path integral on an
infinitesimal cylinder with a ring of operator insertions.
This is not unitary, so the new state can have different
entanglement from the original state, but, in order to end up
with order ¢ entanglement, starting with order 1 entangle-
ment would seem to require extreme fine-tuning that
essentially reverses the Euclidean evolution defining the
thermofield double state. To check this, we performed a
simulation with a pair of harmonic oscillators originally in
the thermofield double state at some large f. Working in
an E < E; truncation of each Hilbert space, we chose
Gaussian random Hermitian operators O (the norm of these
does not affect the entanglement in the final normalized
state, so we work at some fixed norm) and constructed the
state (3.1) for each choice of O. This construction typically
produced final states with energy of the order of E, but
entropy of a similar order of magnitude to the original
entropy, very small for large f. An example of such
simulations can be found in Fig. 15.

Our conclusion is that the original AS? construction
seems very unlikely to produce the cosmology as a
dominant part of the wave function, since the construction
did not involve any particular fine-tuning such that the ring
operators O mimic backward Euclidean evolution. In the
CFT situation, we expect that the state (3.1) will have
energy of the order of ¢ but entropy of the order of one,
inconsistent with having a two-sided black hole as the
dominant part of the dual gravitational state. From the bulk
viewpoint, this argument indicates that there must be
another saddle that dominates the computation of the norm
of the state (3.1) and which does not include a cosmology.
In the next section, we will discuss examples of such
alternative saddles for the AS? construction in three-
dimensional gravity, but we emphasize that the previous
argument is fully general, even if it does not tell us anything
about what the alternative saddles are.

B. Can the baby universe ever dominate?

Next, we ask whether the baby universe can ever
dominate in any of our more general constructions. To
satisfy our necessary condition, we would like a construc-
tion where in the dual slicing both the energy and the
entropy are of the order of c.

Consider the situation where we have a sphere of total
volume (i.e., 2D area) V triangulated by a very large
number 2n of hyperbolic triangles. We also have order 2n
particles, so according to (2.4), the mass of each particle is
of the order of V/(nG£?). Now, consider the construction

106010-8



MENAGERIE OF EUCLIDEAN CONSTRUCTIONS FOR 3D ...

PHYS. REV. D 113, 106010 (2026)

—— Pty CFT,
! Ms ; W
1 1 ads NS
| |
I [}
I M s I

FIG. 13.

Middle: saddle of a Euclidean gravity path integral that is associated with a path integral for some underlying holographic

theory (blue). The horizontal red slice gives initial data for a Lorentzian state whose evolution (left) includes a closed universe. The
vertical green slice gives initial data for a two-sided back hole (right). If the Euclidean saddle giving the cosmology is dominant, the
black hole on the right should be the dominant part of the wave function dual to the state of the two CFTs, which must then have order ¢

entanglement.

S

FIG. 14. Two possible slicings for the Euclidean path integral in
the AS? construction (infinitesimally perturbed so that the
operators are in two rings instead of one). If the horizontal
slicing defines a state whose dual gravitational wave function is
dominated by a spacetime with a baby universe, the vertical
slicing should give a spacetime whose dual gravitational wave
function is dominated by a two-sided black hole state. This
requires entropy of the order of ¢ between the two CFTs, which is
unlikely to exist for large /.

where we have a separate AdS cylinder for each triangle
and we connect the top and bottom of each of these.
Assume there is some spatial reflection symmetry so that
there is a natural vertical slicing along the reflection-
invariant slice such that n of the cylinders coupling the
two CFTs are on each side of this slice.

In this case, we have a state of the form

|¥) = (OL ® Og) ®" [Y1ep(h)). (32)
where now O is an operator that maps n copies of the CFT
Hilbert space to a single copy. Here the entropy is of the
order of n, and again, we do not expect the operators to

change the order of magnitude of the entropy. Thus, in
order that the final state has order ¢ entanglement between

the two CFTs, we would need n to be of the order of ¢ and
all the particle masses to be of the order of 1. This takes us
outside the regime of validity of our classical construction
(see Ref. [12] for a discussion of the quantum description
that replaces it), but for large but finite ¢, we can certainly
make the CFT construction.

In summary, to have a chance to get the cosmology as a
dominant saddle with tubes of length f# long enough so that
the auxiliary AdS spacetimes do not contain black holes,
we need the number of such tubes to be of the order of c.
This means that most of the mass is in light particles and
essentially every particle has order one entanglement with
an auxiliary system. Note that in this case the boundary
defines a CFT observable on a genus-c surface, and it is
unclear to what extent a semiclassical analysis can be
applied to the computation of such objects.9 As a conse-
quence, it is possible that this regime is also not able to
make the cosmology the dominant saddle.

Alternatively, we can take sufficiently short tubes so that
the auxiliary AdS spacetimes contain black holes; this gives
the construction of [17].

C. Additional averaging

The discussion above assumed a fully microscopic
construction with no additional ensemble averaging. It is
well known that, in some contexts, wormhole solutions
compute certain CFT correlators averaged over an ensem-
ble of theories [4,5,18,30-41]. For three-dimensional
geometries with matter insertions, there is a similar picture
where the action for wormhole solutions matches with
calculations in which CFT correlators are averaged over
an ensemble of operator production expansion data in the
CFT [34]. Such additional averaging applied to an AS?
construction built upon a given wormhole could also pick
out the cosmological saddle. Failing our necessary con-
dition can be taken as a sign that such additional averaging
is required. In this case, knowing the details of this

"We thank Alex Belin for emphasizing this to us.
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Relative frequency histograms showing the entanglement entropy (left) and average energy (right) of the left harmonic

oscillator in the state (3.1), for Ngmpies = 1500 independent draws of the Hermitian operator O from a Gaussian distribution. We work in
a 600-dimensional truncation of the Hilbert spaces (E, = 600) and set units 7w = 1. The original TFD has # = 1, so that the initial
entanglement entropy is Sy = 1.041 (red vertical line on the left) and the initial left energy is (H; ), = 1.082. As explained in the text,
O, ® O injects a large amount of energy without significantly changing the entanglement entropy.

averaging would likely be required to understand better
how much information the AS? state (which will be mixed
due to the averaging) carries about the cosmology.

D. Alternative saddles

In cases where our necessary condition fails, we expect
that the cosmological saddle cannot be dominant, so there
should be some other saddle with lower action. In this other
saddle, the asymptotic regions associated with the two
CFTs in the alternative slicing should not be classically
connected, so the wormhole should be absent in the
Euclidean solution. In the next section, we discuss alter-
native saddles of this type that can be dominant. These
alternative saddles can be understood as contributions to
the CFT correlator where operators in a given ring contract
among themselves.

IV. OTHER SADDLES

We have argued that, in the standard AS? construction
described above, the cosmological saddle is unlikely to be
the dominant one. In this section, we describe an alternative
saddle (in the D =3 context) with the same boundary
geometry that we expect to dominate in the limit of long
narrow cylinders (large f in the terminology of AS?). In a
limit of small particle masses, we provide an explicit action
calculation that verifies this dominance.

For now, we will assume that the number of insertions »n
in each ring is even. Consider some region on the boundary
with the topology of a disk and containing a pair of adjacent
insertions. We will now describe the local geometry of a
saddle where these two insertions pair up with each other.
Consider Poincaré AdS; with coordinates

f2
ds? = =z (dz? + dx? + dy?) (4.1)
and the pair of geodesic hemispheres described by
X+ (yE£yo) +27 =1+ (42)

These intersect the boundary on a pair of circles which
intersect at y = 0,x = £1. In the bulk, the hemispheres
intersect on the geodesic

¥ +22=1 (4.3)
Now, we can remove from AdS; the intersection of the
two regions bounded by each hemisphere and the AdS
boundary. The resulting cavity in AdS has two boundary
components that are part of the two geodesic hemispheres.
We can glue these together smoothly by identifying corres-
ponding points related by the y — —y reflection symmetry.
The resulting spacetime has a conical deficit along the
geodesic x* + z2 = 1 with angle

a
tan- = —. 4.4
> (4.4)
This corresponds to a particle of mass
1 1
m = ——arctan —. (4.5)
4G Yo

Now, we can map from Poincaré AdS back to the AdS
cylinder in such a way that the boundary points x = +1,
y = 0 map to points on the 7 = 0 slice separated by some
angle §0. As in the Poincaré description, the AdS; has a

106010-10



MENAGERIE OF EUCLIDEAN CONSTRUCTIONS FOR 3D ...

PHYS. REV. D 113, 106010 (2026)

FIG. 16. Alternative saddle in the 3D AS? construction.

portion removed with opposite sides identified to leave a
conical defect connecting the two boundary points sepa-
rated by 80. We can take n/2 copies of this, arranged
symmetrically around the circle. Finally, we truncate the
AdS cylinder in the past and future and glue it on to another
copy. This is depicted in Fig. 16.

The resulting construction has only a Z,,, symmetry.
However, for some choice of the parameter 66, the
conformal geometry of the boundary should be equivalent
to the Z,-symmetric one in the AS? construction above.

To see this, note that there is a conformal transfor-
mation (Weyl transformation plus diffeomorphism) that
takes the elementary region R shown in Fig. 10 to a flat
rectangle. Using this mapping and similar mappings for
all the other copies of this elementary region, we can
uniformize the boundary geometry to a flat torus in such a
way that we preserve the Z,,, symmetry, the reflection
symmetry swapping the two copies that we have glued
together, and the time-reflection symmetry. The final flat
rectangular torus has two rings of n points arranged in a
Z,,-symmetric way, with intervals between adjacent
points that generally alternate between two different values
I, and I, that depend on 66. For 66 going to 0 and oo,
the ratio of 1,/1, should take all possible values, so there
exists some 66, where the ratio is 1 and we preserve Z,
symmetry.

We have, thus, described a second saddle for the AS?
CFT configuration. This depends on a choice of how to pair
adjacent operators; by choosing the alternative pairing, we
get a third saddle equivalent to this one.

A. The dominant saddle

We have presented two different bulk saddles for the AS?
CFT configuration: one including a closed cosmology in
the bulk (which we will call the cosmological saddle)
and one in which contractions between matter particles
are done locally in a single spatial cut and no closed
cosmology exists in the time-reflection-symmetric slice

(the noncosmological saddle). We now want to compare
their on-shell actions to see which one dominates in the
limit of large c. In the general situation in which the parti-
cles produce a finite backreaction, obtaining the on-shell
actions is nontrivial due to the conformal transformation
needed in each case to make the boundary metric flat.
However, we can look at a simplifying limit that takes us
essentially to the original AS? construction; in this limit,
discussed already in (2.12), individual particles do not
backreact, and the cosmology is sustained by a large
number of them, forming a continuous fluid of pressureless
dust. More concretely, the limit is [42]

3
l<n<c=—, M = nm = O(G™") fixed,

e (4.6)

so that 1 < m? < c.
We first compute the Euclidean on-shell action of the
cosmological saddle from

g 1/ Ri2 1/ K-
162G %) 871G Jom £
+ m,»/ dLl

12:1: Wi

The second term contributes only at asymptotic boundaries
(where we set our boundary conditions to induce a flat
metric), while the last term is the contribution from each
point particle with worldline WW; and length L;. Away from
the conical defects we have R = —6/ %, so the first term
gives a contribution proportional to the volume of the
manifold. At the defects, R is singular; we can get the value
of its integral by working in a local FRW patch

(4.7)

ds? = du® + cosh?(u/€)h;;dy'dy’, (4.8)
with h;;dy’dy/ the metric of an infinitesimal hyperbolic
disk D, with a conical defect ¢ at the origin. The Gauss-
Bonnet theorem implies for the metric on a constant-u slice

/ d2yVhR[h] = 26, (4.9)

as € — 0, with R[A] the scalar curvature of the metric /. For
a three-dimensional infinitesimal tube around the defect T,
and up to terms that vanish as ¢ — 0,

/TCR:/du[)C(Py\/ﬁR[h] :25/Wdu, (4.10)

with the integral over the worldline W measuring the
proper length of the particle trajectory. The singular
curvature contribution from all the defects is then
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(4.11)

- 167eri: /T k= _Z,-: 872G /W,, dL..

Using that ; = 82Gm, this exactly cancels the final term
in (4.7). We, thus, need to evaluate

1 1 1

In order to induce the flat toroidal metric on the
boundary, it is convenient to work with the metric of the
AdS cylinder in the form

ds? = #? cosh?(R/¢)d7* + dR? + £?sinh?(R/£)d¢?,
(4.13)

with the asymptotic boundary at a large R = R,. In the
limit (4.6), the boundary insertions in Fig. 7 happen all at
the same Euclidean time z, giving a spherically symmetric
configuration. We can split the geometry to compute the
on-shell action into three pieces: two long AdS tubes of
size f (as measured by 7) and the region that arises from
chewing and gluing the tubes and that includes the
cosmological slice. Each of the AdS tubes contributes

|

1
4xGL?

Ichewed =2x

= 2M?arc cosh (M>

4G°M* - 1

where in the last step we have kept only nonvanishing terms
as R,, — oo. The divergence we obtain is the standard one
associated with n boundary primary insertions of mass m;
we could renormalize it away, but we prefer to keep it to
check that it also appears in the alternative saddle.
Collecting the previous results, the on-shell action for
the cosmological saddle is

7 —ZC[ g arccosh (2GM >
o34 4GTM* -1

+2GM log< (4.18)

oR/?
VAaGIM? = 1> ] ’

with ¢ = 32/(2G).

This is to be compared with the on-shell action of the
noncosmological saddle. In this case, the particles contract
pairwise with each neighbor insertion, so that they do not
create significant backreaction in the limit (4.6). We can
treat them in a probe approximation, in which case the
Euclidean action is that of an AdS tube of length 2/ plus a
factor mL for each particle, with L the geodesic length

4

‘p

IAds(ﬂ) = _E’ (4-14)

with the boundary term in (4.12) regularizing the result. To
obtain the contribution from the piece that results from
gluing the chewed parts of the tubes, note that each particle
follows a radial geodesic given by

VAGEM? - 1
tanh(R/£) — (;Tcosh(r), (4.15)

where we have set 7 = 0 at the turning point of the geo-
desics, shown in (2.12) to be cosh(R/#) = 2GM. The geo-
desics have finite length in Euclidean time, 7 € (-7, 7o)
with

2GM
Ty = arccosh| —————|. 4.16
<\/4G2M2 - 1> ( )

Using the axial symmetry, the equation (4.15) defines the
surface of revolution traced by the cloud of particles. We
can compute the action of this piece from the volume as

2z Too R(7)
/ d¢/ dr/ dR¢? cosh(R/¢) sinh(R/¢)
0 T 0

2M£1 ( et ) ‘ (4.17)
——Te = g —— ] — =7 .
G VaGEm*: -1) G

I

between the insertions.'® For the tube, we can use the result
(4.14) sending f — 2. The length of the shortest geodesic
between insertions separated by an angle A¢ = 2x/n is
(setting the regulating surface at R = R, again)

L =2¢log <sin <E> eRw/f>.
n

Note that e=F with the divergence appropriately renor-
malized gives the conformal two-point function on a circle
for A = m¢ > 1, as it should. The total action is then, since
we have n particles and M = mn,

2
Inoncosm = ?C |:—[—3 +2GM log (sin (%) ERW/K)] . (420)

(4.19)

4

"®Here, we are thinking of a full AdS tube with no conical
defects at all; the contribution from the particles is included via
the mL factor. Alternatively, we could use the action (4.12),
which makes no reference to the point particles, but then we
would have to remove infinitesimal conical defects at the particle
trajectories. Both perspectives are, of course, equivalent.
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€

FIG. 17. The two competing saddles when we split the ring of operators by two parallel rings separated a distance €. In each saddle, the
dashed green line is the time-reflection-symmetric slice on which we prepare the state. On the left, the slice includes a closed cosmology
in the middle (white dots are not boundaries but centers of spherical symmetry » = 0). The piece between the red thin shells is part of a
Euclidean Bafiados-Teitelboim-Zanelli (BTZ) geometry. On the right, there is no closed cosmology, the state is prepared

in two copies of AdS.

We now compare the on-shell actions. Expanding
atn>1

2c

Icosm - Inoncosm = ? |:ZGM 10g<

ﬂé%)] (4.21)

This difference is always large and positive in the regime
we are working, given that our assumption m# < ¢ implies
n> GM. We, thus, conclude that the noncosmological
saddle always dominates. In retrospect, this is the case
because the length of a geodesic connecting the insertions
is much shorter in the noncosmological saddle than in the
cosmological one:

— arccosh <

n

aVAG*M? -1

so that the cosmological saddle is suppressed by the matter
propagators.

Some comments are in order regarding this computation.
First, given two neighboring insertions in the noncosmo-
logical saddle, there are infinitely many topologically
inequivalent geodesics joining them (wrapping the thermal
circle an arbitrary number of times). We have chosen the
shortest (and, thus, dominant) one, but, of course, in
principle, one should sum over all possibilities, much
like in a thermal two-point function. It is also important
to note that, in the noncosmological saddle, the choice
of pairing for the boundary insertions is not unique. This
is most obviously exemplified by the two alternative
ways to pair neighboring operators, but, in general, there
are also contractions in which non-neighboring insertions

Lcosm — Lnoncosm = 20 ]0g<

), (4.22)

are paired.'" In the probe limit with n boundary insertions,
we expect to have a number of contractions that grows
exponentially with n'? Regardless of the details of how
these effects are accounted for, all of them will produce
an enhancement of contributions to the wave function
different from the one of the cosmological saddle, thus
strengthening the conclusion that the cosmological saddle
is subdominant.

1. Competing saddles in the thin-shell approximation

As a check for the calculations in the previous section,
we now describe another action comparison that makes
use of the thin-shell approximation of [19] but allows us
to consider fully backreacted solutions for both saddles.
We take a small perturbation of the AS? construction, as
described above, where the ring of operators is replaced
with two parallel rings of operators separated by a small
distance €. In this case, we have a version of the original
AS? saddle where the single matter shell supporting the
wormbhole is replaced by a pair of nearby shells. Each of
these shells connects a ring of operator insertions with the
corresponding ring related by the time-reflection symmetry.
But we also have a “local contraction” saddle where a
matter shell connects each ring of operator insertions with
the nearby ring separated by e. These two saddles are
depicted in Fig. 17. The detailed comparison of the actions

""The discussion in this section is in the limit in which the
particles behave as nonbackreacting probes. However, one could
also try to build such saddles with a small number of particles
with finite backreaction, via a slight generalization of the
construction in Fig. 16.

PFor example, the number of ways to pair up 2k points on a
circle without crossings is given by the Catalan number C;, which

has a large-k asymptotics given by C; ~ 4% /v zk?.
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for these two saddles is described in the Appendix. Again,
we find that the cosmological saddle has larger action, with
the action difference growing as 4c¢/3GMlog(1/e) as
€ — 0. In the previous calculation, the action difference
grew as 4¢/3GM logn for large n. This is essentially the
same behavior, since 1/n and e both play the role of
determining the distance between the local contractions in
the alternative saddle: between nearby operators in the first
case and between nearby shells in the second case.

B. More general local saddles

The existence of the saddle we have described relies on
the neighboring operators being able to pair up; there
should be a nonvanishing two-point function if only these
operators are inserted into the path integral. The local
geometry near a pair of operators in the full saddle is the
same as the local geometry in the saddle that computes the
two-point function. However, even if this two-point func-
tion vanishes or we have an odd number of total operators,
we expect that there would be similar saddles where
collections of some small number g > 2 of neighboring
operators with a nonvanishing g-point function “contract”
with each other, such that the local geometry near these
operator insertions in the full saddle matches with the local
geometry in the saddle computing the nonvanishing g-point
function. For all such saddles, the full geometry should
differ significantly from AdS; only in the asymptotic
region near the rings of operator insertions. In the absence
of symmetry reasons, having vanishing g-point functions
for all local groupings of operators would likely require
some extreme fine-tuning in the choice of operators, if it is
possible at all. This lines up with the general arguments in
the previous section suggesting that the AS? construction
is not likely to have the cosmological saddle as the
dominant one.

When the operator insertions creating the shell are
charged under some symmetry we have to be more careful,
since this can forbid the existence of a nonvanishing
g-point function for all ¢ < n. If the symmetry is an exact
boundary global symmetry, dual to some bulk gauge sym-
metry, the cosmological saddle cannot exist: Otherwise, in
the Euclidean bulk we would have a closed spatial slice (the
initial value surface of the cosmology) with nonvanishing
gauge charge, violating Gauss’s law.

We can however imagine that the particles going through
the cosmology are charged under some flavor symmetry of
the bulk EFT, which can be broken explicitly at some high-
energy scale or by quantum gravity effects. In this situation,
it is tempting to conclude that the dominant saddle would
be the one in which charged operators in the ket are
connected with the oppositely charged operators in the bra
through the closed universe slice. However, note that the
general argument presented in the previous section still
applies, regardless of whether or not the particles are
charged: For sufficiently large 5, we do not expect the

operator insertions to generate the O(c) entanglement
needed to make the cosmological saddle the dominant
one. One could imagine a competing noncosmological
configuration in which the Euclidean spacetime is a solid
torus and, possibly after some local interactions, the charge
is transported from bra to ket via the lightest possible
particles (to minimize the e™"% suppression). Clarifying
whether this or some other type of saddle dominates over
the cosmological one is a nontrivial and interesting problem
but, as long as the general argument of the previous section
applies, an alternative dominant saddle is expected to exist.

V. DISCUSSION

In this paper, we have constructed a diverse menagerie
of solutions generalizing the AS? construction in three-
dimensional gravity. These solutions each descend from a
parent Euclidean wormhole solution via surgery where we
connect that past and future conformal boundaries with
tubes. These give rise to CFT boundaries on the time-
reflection-symmetric slice, so there is an associated CFT
state |¥) constructed by the CFT path integral.

A key question is to what extent this CFT state carries
information about the cosmology. If the cosmological
saddle provides the dominant saddle for the gravitational
path integral with the specified boundary conditions, the
gravitational wave function in the Lorentzian picture
should be dominated by a spacetime that includes the
cosmology. However, the necessary condition we have
described (or the earlier general arguments in [18]) suggest
that this will be the case only if the Euclidean CFT
construction leads to a large degree of correlation between
the CFT degrees of freedom associated with the past and
future boundaries of the cosmological wormhole. We have
argued that the standard AS? construction is not likely to
provide the required amount of correlation.

In order for the wormhole to dominate the path integral
before adding the AS?, we require some type of ensemble
or interaction that gives significant correlation between the
CFTs (leading to order ¢ entanglement in the alternative
slicing in Sec. III) [18]. If this is not already present for the
parent wormhole construction, adding a small number of
thin CFT tubes connecting past and future will not be
sufficient. If the added tubes are short and fat [17] or very
numerous, they may on their own provide enough corre-
lation to make the cosmological saddle dominate without
additional ensemble averaging.

In cases where the cosmological saddle does not domi-
nate, the cosmological spacetime is still expected to be
present as a rare part of the wave function of the Universe. It
is an interesting question whether it is possible to never-
theless extract the physics of the cosmology from this wave
function, perhaps by projection on the CFT state [17] or
through the recently described procedure of [28] (see
also [29]) which replaces the pure state density operator
with a particular mixed state one.
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FIG. 18.

A multiuniverse AS? saddle constructed starting from four copies of a cosmological wormhole. Other saddles can be obtained

by permuting the order that the wormhole tops connect to the wormhole bottoms.

A. Cosmology from “baryon” asymmetry?

It was suggested in [19] that a way to avoid non-
cosmological saddles where the matter insertions self-
contract within the individual rings would be to choose
operators that insert particles with some global charge. In
this case, at least naively, the insertions on one ring give rise
to particle worldlines that must end on the other ring.

In quantum gravity, it is expected that there are no exact
global symmetries (see, e.g., [43]), so the charge carried by
any such particles can be only approximately conserved
(as for baryon charge in the Standard Model). Thus, there
should be some nonvanishing amplitude where we insert
some number of these particles on one side of the torus
(the Euclidean past) and none on the other. Similarly, there
could be an alternative saddle where the particles world-
lines from the Euclidean past and future do not join up. The
existence of these saddles require bulk interactions, and so
the saddles are suppressed at large N. But they can still be
dominant if this suppression is less than the suppression
(due to additional action) that comes from adding a
wormhole part of the geometry for the charged particles
to propagate through. It would be interesting to understand
through a more detailed calculation whether inserting a
large number of particles carrying some approximately
conserved charge can cause the cosmological saddle to
dominate. This would be fascinating, as it could imply that
any cosmology produced by this construction exhibits
something like baryon asymmetry. If this is the case, it
is also possible that the explanation for baryon asymmetry
in our actual Universe could have a similar origin in
quantum gravity.

B. Multiuniverse saddles

The solutions that we have focused on in this paper have
a single cosmological wormhole and a single baby-universe
cosmology in the Lorentzian picture. But it is straightfor-
ward to generalize this to solutions with multiple discon-
nected cosmologies. Start with some number n > 1 of
basic cosmological wormholes as constructed in Fig. 5.
Each wormhole has a single connected boundary in the
Euclidean past and a single connected boundary in the
Euclidean future. Now we can perform gluing operations
similar to the ones in Fig. 2. There, we connected the past

and future boundaries of a single wormhole, but we can
also connect the future boundaries of two different worm-
holes and the past boundaries of the same two wormholes
in a way that preserves the time-reflection symmetry.
More generally, we can connect any part of one boundary
to any part of any other boundary, provided that we also
add the gluing related by time-reflection symmetry.
Through a combination of such gluings, we can produce
many Euclidean solutions with a connected boundary
whose Lorentzian continuations have multiple closed uni-
verses together with various copies of AdS. An example is
shown in Fig. 18.

An interesting feature of the multiuniverse saddles
constructed from the same underlying wormhole is that
we have a whole family of saddles with the same boundary
geometry obtained by permuting how the wormhole
bottoms connect to the wormhole tops. For saddles with
a large number of universes, this can provide an exponen-
tial (n!) enhancement to the contribution of the cosmo-
logical saddle to the path integral. An interesting possibility
is that this (or, more generally, having a large number of
cosmological saddles with the same boundary through
some other mechanism) might cause the set of cosmologi-
cal saddles to dominate over noncosmological saddles in
the path integral overall even if noncosmological saddles
have lower action. In this case, the corresponding
Lorentzian state would describe with high probability an
entangled polycosmos13 with a large number of discon-
nected closed universe cosmologies.

C. Implications for thin-shell black hole states

The AS? cosmologies supported by thin shells were
introduced as the low-temperature phase of a family of
states labeled by B [19], collectively known as partially
entangled thermal states [44]. As we decrease f (increase
the temperature), the dominant saddle transitions to one in
which the time-reflection-symmetric slice is connected,
forming a large FEinstein-Rosen bridge that evolves in
Lorentzian signature to a black hole with an expanded
interior due to the presence of the matter shell. A family of

13Polycosmos (n.): a collection of mutually disconnected but
quantum entangled cosmological spacetimes.
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such thin-shell black hole states were shown in [40,45] to
account for the microscopic entropy of Schwarzschild-like
black holes, with later works extending them to a variety of
other contexts [46-53].

Given that in this work we have argued that the
cosmological saddle is generically not the dominant one
in the AS? configuration, is the same statement true when
we lower f and transition to the black hole phase? The first
thing to notice is that the general argument in Sec. III ruling
out the dominance of the cosmological saddle does not
apply. Indeed, it is precisely as we lower  enough to make
the black hole phase to dominate that the dual two-sided
state develops O(c) entanglement, compatible with a
connected slice in both the horizontal and vertical slicings
in Fig. 13. Making more quantitative statements treating the
particles forming the thin shell individually would require
a more careful analysis, but we can use a toy model
analogous to the one in the Appendix to estimate if the long
wormhole saddle can dominate over the one in which the
matter particles contract locally.

The long wormhole saddle is still penalized by the longer
geodesics contracting between bra and ket, which give a
factor ~cGM log(n/(GM)), where 1/n~¢/¢ character-
izes the separation between individual insertions. But now
the on-shell action of a three-dimensional black hole is
negative and inversely proportional to its inverse temper-
ature, and the long wormhole phase contains two black
holes of inverse temperature proportional to 3, while the
locally contracted saddle has a single black hole of inverse
temperature proportional to 2/3. These two contributions do
not cancel (contrary to what happens in the cosmological
phase), so the long wormhole is favored by a factor ~c/p.
As an order of magnitude estimate, we then expect that the
long wormhole phase can dominate when

1
BEGMlog(GLM) (5.1)

For large n, this requires a small f, but the dependence is
only logarithmic.14 It is then expected that, in the appro-
priate parameter range, the long wormhole saddle provides
the dominant contribution, although a more detailed analy-
sis than this order of magnitude estimate would be needed.
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APPENDIX: COMPETING SADDLES IN THE
THIN-SHELL APPROXIMATION

In this appendix, we analyze in detail a toy model that
shows why an alternative saddle to the AS? cosmology can
be expected to dominate. In the original AS? construction,
one considers the state

) = S e BELS e BEL ) (AL
ij

on two copies of the CFT (with |;j*) the CRT conjugate
of |j)). For simplicity, we consider only symmetric states
P = Pr = P, but the discussion can be generalized. The
operator S creates a spherically symmetric thin shell of
matter with total rest mass M, formed by a large number of
point particles with 1 < m# < ¢. The norm squared of the
state is given by

(P|¥) = tr(ePHSePHS), (A2)
where we consider uncharged shells with ST = S. In the
AS? construction, this norm is argued to be dominated by a
gravitational saddle which contains a closed cosmology in
its time-reflection-symmetric slice. In this saddle, the two S
insertions are connected through the closed cosmology in
the bulk.

As argued in Sec. IV, we want to model an alternative
saddle in which the particles within each & insertion anni-
hilate among themselves. Instead of treating the particles
individually, in this appendix we look at a simplified toy
model, in which we imagine separating the particles in S in
two equal groups, each with rest mass M /2 but inserted at
slightly different Euclidean times (separated by ¢). In other
words, we consider the state

W) = 3 e PE2E B e P2 ),
ijk

(A3)

where S creates half of the shell inserted by S. We will
evaluate the norm squared Z, = (¥,.|%¥,) using the bulk, in
a saddle point approximation. One expects two contribu-
tions, depending on how the shells contract (see Fig. 17). In
one of them, both shells contract between bra and ket, and
slicing through the horizontal time-reflection-symmetric
slice gives a state containing a closed cosmology. This
cosmological saddle is essentially the AS? one in the limit
€ — 0. The other saddle contracts the shells within bra and
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ket, and slicing in the horizontal time-reflection-symmetric
surface simply gives a state of two entangled AdS regions.
We will show that this noncosmological saddle always
dominates as ¢ — 0, and, consequently, the correct dual
to (A3) for any nonzero e does not contain a closed
cosmology. The impossibility to find a noncosmological
saddle in the exact ¢ = 0 limit is, thus, an effect of fine-
tuning together with the fact that the thin-shell effective
model of the matter does not allow the particles within each
insertion to self-contract.

In the thin-shell approximation,15 the bulk Euclidean
action is

1 2 1 1
IT=- R+5) - K—— ,
16nG/M( +f2) ser/aM< f>+/w"

(A4)

where the final term is integrated over the world volume of
the thin shells, WV, and o is their mass density. The field
equations require the geometry to be locally hyperbolic
away from the thin shells, while at the thin shells we get the
junction conditions

hly=hy,=hgy, kb, +ky,—he (kT +k7) =82Gou,u,.

(A5)
!

k_\[f-(R) = R +k.\/ f1(R) = R* = 4G,

|
k = +1 means we keep the part of the manifold inside the
thin shell (i.e., with r < R), while k = —1 means we keep
the part outside the thin shell (r > R). Squaring gives an

with y the mass of the thin shell (we keep it general in this
discussion, but for the constructions in Fig. 17 each shell
has y = M/2). Note that x, are signs (ie., k, = %1,
k_ = =*1) that indicate the direction of the gluing. Namely,
|

R4 Val®) =0, VealR) = —-(R)+ (= 20

The values of k.. are relevant once we insert R? back into
the junction condition:

M, —-M_
K_ +7+2GM‘+K+
H

M, -M
—  — _2Gu| =4Gu.
H

(A10)

Assume without loss of generality that M, > M_ (and
u > 0, since we consider positive mass shells). This equa-
tion forbids some types of gluings, such as k, = x_ = —1
and k_ = —1 = —«_, and sets bounds for others:

5See Refs. [42,54-56] for relevant works using thin shells in
contexts similar to the one of our discussion.

In these equations, we imagine the thin shell glues two
pieces of the full manifold, V| and N _. The first equation
sets the induced metric to be the same from each side, while
the second relates the energy in the shell to the disconti-
nuity in extrinsic curvature k. The normal to compute k-
is taken on both sides to be inward pointing.

Through any of the shells, we are gluing spherically
symmetric solutions of the form

2

-
S 8GM..

dr?

fx(r)

ds? = f,(r)del + +r2d¢?,  fi(r)=

(A6)

where we chose the radial coordinate to match between
both sides anticipating the continuous induced metric. AdS
is obtained by taking M, = —1/(8G), while for M, > 0
we get BTZ solutions. The trajectory of the shell in the
(74, r) plane is parametrized as 7. = 7 (1), r = R(4), and
the induced metric is set to h,,dEdEP = dA% + R?(1)d¢?
by choosing the parameter A satisfying

d7 1 :
— = R) - R?, A7
& J+(R) (A7)
with R = dR/dJ. The junction conditions give
u =2nRo(R) = const, (A8)

effective radial equation independent of these signs:

(A9)

k. =+1=x,:2Gu*>M, - M_,

ke=+1=—k,: 2G> <M_—M_. (A11)

If we insert the shell at the asymptotic boundary, the

effective potential determines the turning point R, to be

R2 M. -M 2
7; =8GM_ + <+ + 2G/4) . (A12)

in terms of which V &(R) = —(R* — R%)/£?. Using (A7),
we can also get the total Euclidean time elapsed by the
trajectory
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)+ Ve (R

ATi = 2/
R, _Veff( )

The integral can be solved explicitly; the result is nicer if
we treat separately the two types of backgrounds. For a
black hole with mass M,

202
Az, = —arcsin =) = /éarcsin =), (A14)
Ty R, b2 R,

where r, and f. are the horizon radius (note that 4 here
refers to each side of the gluing, not inner and outer
horizon) and inverse temperature of the black hole, respec-
tively:

(A13)

2nt?
P =8GM. 2, = (A15)
ry
For a shell propagating in the AdS background,
) l
Aty = 2farcsinh| — |. (A16)
R,

We now use these results to obtain the equations that
determine the contribution from each saddle to Z, =
(W |¥,). Let us first look at the cosmological saddle, the
left one in Fig. 17. The parameters fixed by the boundary
conditions are f, €, and the mass of each shell M/2; the
saddle dynamically determines the inverse temperature of
the AdS region f,, the mass of the black hole M, (or its
horizon radius r.), and the turning point of the shell
trajectory R,. The equations that implement this can be
read from the previous results:

p = po —2¢arcsinh(Z/R,,), (Al7a)
nt? 2 .
€= 1 ——arcsin(r./Ry) |. (A17b)
Te m
R, re 2172
L T - 1 +4G*M
2~ 7 Tacmy (ﬂ A )
r? 1 r? 2
== +——-(4GM* -5 -1 Al7
7 @Gy ( Z > (Al7¢)

Note that, since we are gluing with k = +1 on both sides,
we must respect the bound 4G2M? > r2/¢% +1.'°

We now obtain an analytic solution in the regime
e/ — 0. More precisely, we work in the regime in which

This requires 2GM > 1. In the limit ¢ — 0, when we have a
cosmology supported by a single shell of mass M, this bound is
needed to have R, > 0 in (A12). Alternatively, from (2.4), it is
equivalent to the condition to have a cosmology supported by
particles of total mass M and with spherical topology (y = 2).

GMe/¢ < 1 (given that GM > 1/2 cannot be arbitrarily
small, this means ¢/¢ < 1 also). Since r.. is upper bounded
in terms of M in this gluing, the second equation above
means that this regime must have R, just slightly larger
than r,. This is what we would expect: The black hole piece
in the saddle is very small, with the shell passing very close
to its horizon. Explicitly, from the last two equations,
we find

'e _ \ag2m? - GM€+3G2M2 —+-
4 ¢ 2 4
(Al8a)
X = V4G’ M? — < -GM f+ 26 2
1
l——F— P Al8b

Note how R, indeed approaches r. as GMe/¢ — 0. To
have a large cosmology (large R, /¢), we need to take also
the limit of very heavy shells, GM > 1, but this was not
assumed for the previous result.

We may now evaluate the on-shell action of the solution.
We decompose it as

Teosm = 2Z pasp + Lnoe + 2Zshen, (A19)

according to Fig. 19. The first two terms are just pieces of
thermal AdS or the BTZ black hole; their actions can be
shown to be

72t

S e(4G*M? -1
IAdS,ﬁ:_%’ TpHoe =— GR? =- ( )

4G
(A20)

where in the second expression we keep just the leading
order in e. The contribution from the diamond Xy
containing the shell can be obtained using the on-shell
relation

R = —% + 162Gobyy(x), (A21)
£
B B
e
Tpn,2e

FIG. 19. Decomposition of the saddle containing a closed
cosmology.
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which shows that in this part of the geometry (where there
is no Gibbons-Hawking-York or counterterm at dM)

1 2
Ishell:_ﬁ/ <R+ﬂ)+/vvﬁ

1
——— Vol (Xshell ) .

= A22
4nGL? (A22)

The volume is evaluated by introducing a large radial
cutoff r:

V Jo(R) + Ve (R) R
Jo(R)\/=Ve(R)

Je(R) + Vei(R) R2_ 2

VOI(Xshell) = Zﬂ/rm dR
R,

+2r —r)
R, fe(R) _Veff(R)
= 4x3GM log (2ro/R,)
— 2z¢3arcsinh(¢/R,.), (A23)

where we have denoted by f and f, the metric functions in
the AdS and black hole regions, respectively, and we have
kept only nonvanishing terms as we remove the regulator
re — 00. We see then that the full result is

c(p 1\ e
wn = =5 (G4 (46202 -3)

+ 4arcsinh ((4G*M?* — 1)71/2)

\/4202024/5 - 1) ’ ) A2

where we have used the form of the Brown-Henneaux
central charge ¢ = 37/(2G) and expanded R, according
to (A18).

This is to be compared with the contribution from the
noncosmological saddle. Using hats to denote the para-
meters of this saddle, the equations are now

- 8GM 10g<

2 = fy — 4¢arcsinh(£/R,,). (A25a)

202 .
€ = —arcsin (7./R,), (A25b)

r€

R 1 72 2

=l —— (S 4 1 +4G2M

7~ = T acomy <f2 R )
72 1 72 L 0\?

=t (S +1-4G"M*) . A25

72 " aGmy (ﬂ N ) (A25¢)

Note that we are now gluing in the exterior of the black hole
region, so k, = —1 and x_ = +1. This implies that we
have a lower bound on the mass of such black hole in terms
of the mass of the shell, #2/7% + 1 > 4G*M>.

€ ) S
Zsnen
B p
Tonen
Tads.28 € _

FIG. 20. Decomposition of the noncosmological saddle con-
taining without cosmology. On the rightmost piece, computing

7 ghet» the red portion is to be subtracted from the gray one, since it
was added to Zpy . without being part of the original saddle.

As we send €/¢ — 0 (compared to GM), the black hole
in the saddle is expected to become very heavy compared
with the shell. The last equation above then shows

N

R, > 7, so the turning point of the shell is actually very
far from the horizon. We can solve in this regime, finding

2—4 fGM 1 G_M 1+i £_|_
2 2¢ 12 A4G*M? ) ¢ ’

(A26a)

R, 2¢ 2GM 8G*M?*—-15¢
== — A26b
P T A ( )

It is convenient to evaluate the on-shell action by a
method similar to the one used in the cosmological saddle.
We view the saddle as a piece of thermal AdS, two full
wedges of a black hole, and a triangle that ends in the shell
and subtracts the unphysical part of the black hole wedge
(see Fig. 20). The on-shell action is decomposed as

Inoncosm = IAdS,2ﬂ + 2IBH,e =+ 2ishell‘ (A27)

The pieces without contributions from the shell are

s 7%

Taasop = ~iG Tpne = _Fﬁz =-rM, (A28)

while the triangle containing the shell gives a contribution
proportional to its volume, with

o _ T fo(R) + Ve (R)
Vol(R ) = 27 A "o VfO(R) e R

Teo .],Z‘E(R> + Veff(R)
-2z dR
ke Je(R)V/=Vesr(R)
= 4x3GMlog(2r/R,)
— 2zfarcsinh(£/R ).

(A29)

Combining all the terms, we get
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C

4 4

Inoncosm = _6 <é+2i— 8GM(log (I’ooe/fz) — 1) + .- .>’

(A30)

where again we have expanded and kept only the leading pieces as GMe/¢ — 0.
Comparing both results and neglecting terms that vanish as ¢/¢ — 0, we get

2c

27 1
z-cosrn - Inoncosm = 2GM 10g <—> + 1) — arcsinh (7)] .
3 { ( eVAGIM? - 1 VAGIM? - 1

As we take GMe/¢ — 0, the logarithm becomes large, thus
making the noncosmological saddle to dominate.

As a final comment, in all the previous discussion we
have assumed that we are in a regime in which the para-
meters defining the boundary conditions make the dis-
cussed saddles dominant over other existing ones. An

(A31)

example of such an extra saddle in the cosmological case
would be one in which the middle part is another vacuum
AdS geometry, instead of a black hole (cutting through the
time-reflection-symmetric slice, this saddle has two dis-
connected closed universes). For sufficiently large f and
sufficiently small e, this saddle is always subdominant.
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