
Phase diagram of the single-flavor Gross-Neveu-Wilson model from the
Grassmann corner transfer matrix renormalization group

Jian-Gang Kong,1,* Shinichiro Akiyama ,2,3,† Tao Shi,4,‡ and Z. Y. Xie 1,5,§

1School of Physics, Renmin University of China, Beijing 100872, China
2Center for Computational Sciences, University of Tsukuba, Tsukuba, Ibaraki 305-8577, Japan

3Graduate School of Science, The University of Tokyo, Bunkyo-ku, Tokyo 113-0033, Japan
4Institute of Theoretical Physics, Chinese Academy of Sciences, Beijing 100190, China

5Key Laboratory of Quantum State Construction and Manipulation of MoE, Renmin University of China,
Beijing 100872, China

(Received 27 February 2026; accepted 27 April 2026; published 9 June 2026)

We investigate the phase structure of the (1þ 1)-dimensional single-flavor Gross–Neveu model with
Wilson fermions using the Grassmann corner transfer matrix renormalization group (CTMRG). The path
integral is formulated as a two-dimensional Grassmann tensor network and approximately contracted by
the Grassmann CTMRG algorithm. We investigate the phase diagram by varying the fermion mass and the
four-fermion coupling, using the pseudoscalar condensate as an order parameter for theZ2 parity symmetry
breaking phase. The universality classes of the phase boundaries are identified through the central charge c
obtained via scaling analysis of the entanglement entropy. Furthermore, we extract the quantity related to
the entanglement spectrum from the converged CTMRG environments, allowing us to distinguish the
topological insulator phase and the trivial phase. The resulting phase structure suggests that the Aoki phase
is separated from the other phases by critical lines characterized by c ¼ 1=2, while the critical lines with
c ¼ 1 separate the topological insulating and trivial phases. Our numerical results also indicate that the
Aoki phase does not persist in the strong-coupling regime for the single-flavor theory.
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I. INTRODUCTION

Spontaneous chiral symmetry breaking describes
dynamical mass generation [1,2]. In the case of quantum
chromodynamics (QCD), the pions can be interpreted as
the Nambu–Goldstone bosons of the chiral symmetry
breaking. To investigate these nonperturbative phenomena,
the lattice formulation of quantum field theories is
indispensable [3]. Since the lattice formulation of chiral
fermions is not straightforward due to the Nielsen–
Ninomiya theorem [4], it is practically necessary to choose
a lattice fermion discretization appropriately. Wilson fer-
mions provide a standard lattice fermion formulation [5].
Although the Wilson term explicitly breaks chiral sym-
metry, massless pions can be realized along a critical line on

which chiral symmetry is expected to be restored in the
continuum limit [6]. Interestingly, massless pseudoscalar
mesons can actually emerge as a consequence of parity-
flavor symmetry breaking when Nf, the number of flavors,
is even [7–9]. In this case, the Vafa–Witten theorem forbids
the spontaneous breaking of parity symmetry alone [10].
However, when Nf is odd, the theorem does not apply, and
the flavor-singlet pseudoscalar meson can become mass-
less. Since parity and flavor symmetries are preserved in
continuum QCD, the continuum limit should be
approached without breaking symmetries. In this sense,
a precise determination of the phase boundary of the parity-
flavor or parity symmetry-broken phase, referred to as the
Aoki phase, in lattice QCD with Wilson fermions is vital
for taking the continuum limit. Although the parity-flavor
symmetry breaking has been extensively studied within the
lattice QCD simulation with the Wilson fermions [11–13],
it remains challenging to investigate the Aoki phase for
Wilson fermions with odd flavors. This difficulty originates
from the sign problem in Monte Carlo simulations [14].1
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1It has been pointed out that the signproblem is absent in the case
of the so-called central-branch Wilson fermion, since the deter-
minant of the Wilson–Dirac operator is positive semidefinite [15].
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The Gross–Neveu model [16] provides a useful starting
point from this viewpoint. It is one of the well-known toy
models of QCD: A renormalizable pure fermionic theory in
two spacetime dimensions, describing Nf flavors of mass-
less Dirac fermions with a four-fermion interaction.
Although the Mermin–Wagner–Coleman theorem prohibits
the spontaneous breaking of the continuous chiral sym-
metry in two dimensions [17,18], the model shares several
features with QCD: It is asymptotically free and exhibits
dynamical mass generation associated with the breaking of
a discrete chiral symmetry. In particular, the existence of
the parity symmetry-broken phase with Wilson fermions
was originally demonstrated by Aoki in the Gross–Neveu
model, based on the large-Nf analysis [7]. The lattice
Gross–Neveu model with Wilson fermions is sometimes
referred to as the Gross–Neveu–Wilson (GNW) model.
One of the central motivations for studying the phase
structure of the GNW model is the weak-coupling regime,
in which the continuum limit is approached. The weak-
coupling expansion leads to a phase structure of theNf ¼ 1

GNW model that is qualitatively consistent with the results
of the large-Nf analysis [19]. Furthermore, the ’t Hooft
anomaly matching condition requires the presence of the
Aoki phase for the so-called central-branch Wilson fer-
mion, even without assuming a large Nf [15].
Recently, the Gross–Neveu model has also attracted

increasing attention from the condensed-matter perspec-
tives [20,21]. This is because the model has an explicit
correspondence with certain strongly correlated electronic
systems, some of which can be realized in cold-atom
quantum simulations [22,23]. In particular, Ref. [23]
presents the complete phase structure of the Nf ¼ 1
GNW model within the Hamiltonian formalism, revealing
the presence of the Aoki phase, a trivial band-insulating
phase, and a symmetry-protected topological (SPT) phase
based on matrix product states (MPS) simulations. Since
the Hamiltonian formalism does not involve a discretized
time direction, no fermion doubler associated with tempo-
ral discretization appears. As a result, the phase structure of
the lattice GNW model will differ from that obtained in the
traditional Lagrangian formalism.
In this study, we provide a phase diagram of the Nf ¼ 1

GNW model based on the Lagrangian formalism employ-
ing tensor networks. To the best of our knowledge, this
work constitutes the first comprehensive numerical study of
the complete phase diagram of the Nf ¼ 1 GNW model in

the Lagrangian formulation. Since tensor network methods
are free from the sign problem, this approach opens a viable
pathway toward future investigations of lattice QCD with
Wilson fermions. In particular, our approach is based on the
Grassmann tensor network formulation of the lattice field
theory [24–27], where the fermionic fields are directly
manipulated in the numerical calculations. Indeed, such a
motivation has already led to concrete studies in the context
of the Nf ¼ 1 Schwinger model [28]. One advantage of
using the Grassmann tensor network formulation is that it
fully preserves the locality inherent in the original lattice
theory. As a result, tensor network algorithms originally
developed for spin systems can be straightforwardly
extended to lattice fermion systems, and various applica-
tions have been made in the high-energy physics
community [29–45]. Based on the Grassmann tensor net-
work formulation proposed in Ref. [32], we develop the
corner transfer matrix renormalization group (CTMRG)
[46–49] for the Grassmann path integrals. Although
CTMRG is known to be a highly accurate algorithm for
contracting two-dimensional tensor networks, it has not yet
been widely adopted in the high-energy physics commu-
nity. CTMRG allows us to investigate not only the
thermodynamic observables, but also the entanglement
entropy and spectrum in a straightforward manner.
Employing all these quantities, we determine the phase
diagram of the Nf ¼ 1 GNW model varying the fermion
mass and the four-fermion coupling constant.
This paper is organized as follows. In Sec. II, we briefly

review the large-Nf phase diagram. We formulate the path
integral of the GNWmodel as a Grassmann tensor network
and describe the Grassmann CTMRG algorithm in Sec. III.
In Sec. IV, we first benchmark the CTMRG using the free
Wilson fermion theory. After confirming the validity and
efficiency of the CTMRG, we present our main numerical
results for the pseudoscalar condensate, entanglement
entropy, and entanglement spectrum. Finally, Sec. V is
devoted to a summary and outlook.

II. THE GROSS–NEVEU MODEL
WITH WILSON FERMIONS

A. The model

We consider the (1þ 1)-dimensional Nf-flavor GNW
model, which is defined by the following action:

S ¼ −
1

2

XNf

f¼1

X
n∈Λ2

X
ν¼1;2

h
ψ̄ ðfÞðnÞðr1 − γνÞψ ðfÞðnþ ν̂Þ þ ψ̄ ðfÞðnþ ν̂Þðr1þ γνÞψ ðfÞðnÞ

i

þM
X
f;n

ψ̄ ðfÞðnÞψ ðfÞðnÞ − g2σ
2Nf

X
n

�X
f

ψ̄ ðfÞðnÞψ ðfÞðnÞ
�

2

−
g2π
2Nf

X
n

�X
f

ψ̄ ðfÞðnÞiγ5ψ ðfÞðnÞ
�

2

: ð2:1Þ
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The Wilson fermions are represented by the two-component
Grassmann-valued fieldsψ ðfÞðnÞ ¼ ðψ ðfÞ

1 ðnÞ;ψ ðfÞ
2 ðnÞÞT and

ψ̄ ðfÞðnÞ ¼ ðψ̄ ðfÞ
1 ðnÞ; ψ̄ ðfÞ

2 ðnÞÞ, where n ¼ ðn1; n2Þ denotes
the lattice site on the square latticeΛ2, f represents the flavor
index, and ν ¼ 1ð2Þ stands for the spatial (temporal) direc-
tion, respectively. The lattice extent in each direction is
specified by Nν, such that nν ¼ 0; 1;…; Nν − 1. The two-
dimensional Euclidean γ-matrices are denoted by γν and they
satisfy ½γμ; γν�þ ¼ 2δμν1 with the 2 × 2 unit matrix 1. In
practical computations, we choose the following represen-
tation; γ1 ¼ σx, γ2 ¼ σy, and γ5 ¼ −iγ1γ2 ¼ σz. The mag-
nitude of the four-fermion interaction is controlled by the
coupling constants g2σ and g2π . Hereafter, we consider
g2σ¼g2π¼g2. The parameter M is defined by M ¼ mþ 2r,

where m denotes the fermion mass and the finite Wilson
parameter r is introduced to gap out the fermion doublers
in the continuum limit. Due to the presence of the finite
Wilson parameter, the chiral symmetry is explicitly broken
in Eq. (2.1) even with the massless fermion m ¼ 0. We set
r ¼ 1 throughout this work.

B. Large-Nf phase diagram

To make this paper self-contained, we briefly review the
large-Nf phase diagram [7]. In the large-Nf limit, the path
integral is exactly given by the saddle point of the action.
By the Hubbard–Stratonovich transformation, we introduce
the auxiliary bosonic fields σðnÞ and πðnÞ into the path
integral such that

Z ¼
Z YNf

f¼1

Y
n∈Λ2

dψ ðfÞðnÞdψ̄ ðfÞðnÞe−S ¼
Z Y

n∈Λ2

dσðnÞdπðnÞ
YNf

f¼1

dψ ðfÞðnÞdψ̄ ðfÞðnÞe−S0 ; ð2:2Þ

up to a multiplicative constant, where the original action is transformed into a new action S0, which reads

S0 ¼ −
1

2

XNf

f¼1

X
n∈Λ2

X
ν¼1;2

h
ψ̄ ðfÞðnÞð1 − γνÞψ ðfÞðnþ ν̂Þ þ ψ̄ ðfÞðnþ ν̂Þð1þ γνÞψ ðfÞðnÞ

i

þM
X
f;n

ψ̄ ðfÞðnÞψ ðfÞðnÞ þ
X
f;n

ψ̄ ðfÞðnÞ½σðnÞ þ iγ5πðnÞ�ψ ðfÞðnÞ þ Nf

2g2
X
n

½σðnÞ2 þ πðnÞ2�: ð2:3Þ

The Grassmann integrals in Eq. (2.2) can be carried out for S0. One finds

Z ¼
Z Y

n∈Λ2

dσðnÞdπðnÞe−Nf jΛ2jVeff ; ð2:4Þ

where the explicit form of the effective potential Veff can be expressed in momentum space as

Veff ¼
1

2g2
ðσ̃2 þ π̃2Þ − 1

jΛ2j
X
k

log
��

mþ σ̃ þ
X

ν

�
1 − cos

2πkν
Nν

��
2

þ π̃2 þ
X
ν

sin2
2πkν
Nν

�
; ð2:5Þ

where we have treated the auxiliary bosonic fields as constants, σðnÞ ¼ σ̃ and πðnÞ ¼ π̃, and kν ¼ −Nν=2þ 1;…; Nν=2
with jΛ2j ¼ N1N2. In the large-Nf limit, Eq. (2.4) is exactly given by the saddle point of Veff . The saddle-point equations
are

δVeff

δσ̃
¼ σ̃

g2
−

1

jΛ2j
X
k

2mþ 2σ̃ þ 2
P

νð1 − cosð2πkν=NνÞÞ
½mþ σ̃ þP

νð1 − cosð2πkν=NνÞÞ�2 þ π̃2 þP
νsin

2ð2πkν=NνÞ
¼ 0; ð2:6Þ

δVeff

δπ̃
¼ π̃

g2
−

1

jΛ2j
X
k

2π̃

½mþ σ̃ þP
νð1 − cosð2πkν=NνÞÞ�2 þ π̃2 þP

νsin
2ð2πkν=NνÞ

¼ 0: ð2:7Þ

In the large-Nf limit, Eq. (2.6) suggests that π̃ ≠ 0 can be a solution depending on the value of the fermion mass m. When
π̃ ≠ 0, Eq. (2.7) reads

1

g2
¼ 2

jΛ2j
X
k

1

½mþ σ̃ þP
νð1 − cosð2πkν=NνÞÞ�2 þ π̃2 þP

νsin
2ð2πkν=NνÞ

; ð2:8Þ
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which implies both �π̃ are the solutions. Using Eq. (2.8), Eq. (2.6) can be

−
m
g2

¼ 2

jΛ2j
X
k

P
νð1 − cosð2πkν=NνÞÞ

½mþ σ̃ þP
νð1 − cosð2πkν=NνÞÞ�2 þ π̃2 þP

νsin
2ð2πkν=NνÞ

: ð2:9Þ

In Fig. 1, the green lines separating the Aoki phase from
the other phases are determined by setting π̃ ¼ 0 in
Eqs. (2.8) and (2.9) and solving them self-consistently.
Within the Aoki phase, the Z2 parity symmetry is sponta-
neously broken. The order parameter is a pseudoscalar
condensate hPf ψ̄

ðfÞðnÞiγ5ψ ðfÞðnÞi, since under the parity
transformation ψ ðfÞðn1; n2Þ ↦ γ2ψ

ðfÞð−n1; n2Þ, it changes
hPf ψ̄

ðfÞðnÞiγ5ψ ðfÞðnÞi ↦ −hPf ψ̄
ðfÞðnÞiγ5ψ ðfÞðnÞi. A

crucial feature of the parity-broken Aoki phase predicted
in the large-Nf limit is that it extends deeply into the
strong-coupling region.
On the other hand, several works have shown that the rest

part of the phase diagram is not completely trivial [22,23],
and that a topological insulator phase emerges when Nf is
odd, as shown in Fig. 1. A topological invariant known as
Zak’s phase ϕZ ¼ 2πl can be used to distinguish the SPT
phase from other two phases; l is not an integer in the SPT
phase, and integer for the other phases.2 The topological
phase in the GNW model can also be understood as a one-
dimensional topological insulator with edge modes local-
ized at the boundary of the open chain [23]. It is also
referred to as an SPT phase, indicating that the topological
edge states are robust against any symmetry-preserving
perturbations. The flavor-independent single-particle
Hamiltonian hk in momentum space satisfies T†h�−kT ¼
hk andC†h�−kC ¼ −hk, where T andC denote time-reversal
and charge-conjugation symmetries, respectively. The com-
bination of these two anti-unitary symmetries defines a
sublattice symmetry S, which acts as S†hkS ¼ −hk. All
these symmetries satisfy T2 ¼ C2 ¼ S2 ¼ 1. The corre-
sponding symmetry class is the so-called BDI class [50,51].

The interaction terms in Eq. (2.1) also respect these
symmetries, and the topological classification of the inter-
acting GNW model remains unchanged. In practical
numerical simulations, the topological invariant cannot
be easily extracted directly. Fortunately, however, signa-
tures of nontrivial topology can be identified in the
entanglement spectrum, which is accessible within our
tensor network framework, as we show in later sections.

III. GRASSMANN TENSOR
NETWORK APPROACH

A. Grassmann tensor network formulation

Hereafter, we consider the Nf ¼ 1 GNW model, omit-
ting the flavor index f. The path integral generated by
Eq. (2.1) can be represented as a two-dimensional
Grassmann tensor network,

Z ¼
Z Y

n∈Λ2

dψðnÞdψ̄ðnÞ e−S ¼ gTr

� Y
n∈Λ2

T n

�
; ð3:1Þ

where gTr represents multiple weighted Grassmann inte-
grals over auxiliary Grassmann fields introduced on
every edge of the lattice Λ2 with periodic boundary
conditions [32]. The fundamental Grassmann tensor T n
is given by the following multilinear combination of

SPTSPT

TrivialTrivial

Aoki

FIG. 1. Phase diagram of the GNW model based on the large-
Nf method. We set N1 ¼ N2 ¼ 512, which is sufficiently large to
suppress finite-size effects, when solving Eqs. (2.8) and (2.9).
The green lines separate the Aoki, trivial, and SPT phases, while
the black dashed lines are shown as guides.

2As discussed in Ref. [23], in the vanishing-g2 limit of the
GNW model, ϕZ is explicitly evaluated through an integral of the
Berry connection over the Brillouin zone, leading to a compact
expression,

ϕZ ¼ Nfπ

2

h
sgnðM −Mð0;0ÞÞ þ sgnðM −Mð0;πÞÞ

þ sgnðM −Mðπ;0ÞÞ þ sgnðM −Mðπ;πÞÞ
i
; ð2:10Þ

where Mðp1;p2Þ denotes the lattice mass such that Mð0;0Þ ¼ 2;
Mð0;πÞ ¼ 0;Mðπ;0Þ ¼ 0;Mðπ;πÞ ¼ −2. Note that four fermion
doublers arise in the corner of Brillouin zone for the free Wilson
fermions. Therefore, we observe that ϕZ=2π ¼ �Nf=2 for
M∈ ð0; 2Þ and M∈ ð−2; 0Þ, respectively, leading to the topo-
logical insulator phase when Nf is odd in both cases. In general,
Eq. (2.10) remains valid even when the interaction g2 is turned
on, although an additive mass renormalization is required.
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auxiliary Grassmann fields, ην, ξν, η̄ν, ξ̄ν with ν ¼ 1; 2,

ðT nÞη1ξ1η2ξ2 ξ̄1η̄1 ξ̄2η̄2 ¼
X

i1;j1;i2;j2;i01;j
0
1
;i0
2
;j0
2

ðTnÞi1j1i2j2i01j01i02j02ðη1Þpði1Þðξ1Þpðj1Þðη2Þpði2Þðξ2Þpðj2Þðξ̄1Þpðj
0
1
Þðη̄1Þpði01Þðξ̄2Þpðj02Þðη̄2Þpði02Þ: ð3:2Þ

These auxiliary Grassmann variables are introduced to
decompose the hopping terms in Eq. (2.1), and the Grass-
mann tensor T n is obtained by integrating out the original
Wilson fermion fields ψðnÞ and ψ̄ðnÞ, individually at each
site n. Due to the nilpotency of the Grassmann variables,
the integer subscripts (iν, jν, i0ν, j0ν with ν ¼ 1; 2) can take
only 0 or 1. The indices of Grassmann tensors can take
larger values in general, so a parity function p is introduced
such that pðiÞ ¼ 0; 1 for any given index value i. For
example, the Grassmann tensor in Eq. (3.2) can be regarded
as a four-leg tensor whose bond dimension is 4, where
pðiÞ ¼ 0 for i ¼ 1; 2, and pðiÞ ¼ 1 for i ¼ 3; 4. The
explicit form of the coefficient tensor Tn for the Nf ¼ 1

GNW model is derived in Ref. [52].
Our primary interest is in the Aoki phase, which is

characterized by a pseudoscalar field ψ̄ðnÞiγ5ψðnÞ. We
denote the magnitude of the condensate by π ¼
jhψ̄ðnÞiγ5ψðnÞij in the following. In the path integral
formalism, π is defined by

π ¼
����limh→0

lim
jΛ2j→∞

1

jΛ2j
∂

∂h
lnZh

����; ð3:3Þ

where Zh is the path integral defined by

Zh ¼
Z Y

n∈Λ2

dψðnÞdψ̄ðnÞe−S−Sh ; ð3:4Þ

with

Sh ¼ h
X
n

ψ̄ðnÞiγ5ψðnÞ: ð3:5Þ

We also derive a representation of Eq. (3.3) in terms of a
Grassmann tensor network. This is easily achieved by
introducing the following local “impurity” Grassmann
tensor:

ðInÞη1ξ1η2ξ2 ξ̄1η̄1 ξ̄2η̄2 ¼
X

i1;j1;i2;j2;i01;j
0
1
;i0
2
;j0
2

ðInÞi1j1i2j2i01j01i02j02ðη1Þpði1Þðξ1Þpðj1Þðη2Þpði2Þðξ2Þpðj2Þðξ̄1Þpðj
0
1
Þðη̄1Þpði01Þðξ̄2Þpðj02Þðη̄2Þpði02Þ; ð3:6Þ

with

ðInÞi1j1i2j2i01j01i02j02 ¼
ð−1Þi1ði02þi0

1
þj2þj1Þþi2ði02þi0

1
þj2Þþj0

1
ði0
2
þi0

1
Þþj0

2
i0
2
þi0

1
þi0

2ffiffiffi
2

p P
ν
ðiνþjνþi0νþj0νÞ

× i
h
ðþiÞj02þi2þi0

2
þj2ð−1Þi2þi1þi0

1
þj2δi1þi2þj0

1
þj0

2
;1δj1þj2þi0

1
þi0

2
;1 − δi1þi2þj0

1
þj0

2
;1δj1þj2þi0

1
þi0

2
;1

i
: ð3:7Þ

It then follows straightforwardly that the pseudoscalar
condensate π is evaluated as a ratio of two Grassmann
tensor network contractions. The numerator is

gTr

�
In0

Y
n≠n0

T n

�
; ð3:8Þ

while the denominator is given by Eq. (3.1). The Grass-
mann tensor In can again be interpreted as a four-leg tensor
with bond dimension 4.

B. Grassmann corner transfer matrix renormalization
group algorithm

Hereafter, we employ a graphical representation of
Grassmann tensors and their network following
Refs. [32,53]. The CTMRG algorithm [48] was originally

invented by Nishino and Okunishi to investigate two-
dimensional classical spin models. CTMRG is inspired
by Baxter’s corner transfer matrix formulation [54] as well
as the density matrix renormalization group (DMRG)
algorithm [55,56]. The CTMRG approach is further devel-
oped in the condensed-matter community [57–60], and
finds its efficiency in contracting the two-dimensional
tensor network representing the norm and expectation
value described by tensor network states [61–63]. In the
following, we develop the CTMRG algorithm based on
Refs. [59,64] for the Grassmann tensor network. Its bosonic
counterpart is also known as the asymmetric CTMRG [60],
which is suitable for local tensors with general spatial
symmetries and different unit cell sizes, with improved
convergence.
The goal of our Grassmann CTMRG is to evaluate the

Grassmann path integral. Let us consider a two-dimensional
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uniformGrassmann tensor network composed of an identical
four-legGrassmann tensorT n at each lattice siten, with bond
dimension d. We introduce four types of corner matrices Clu,
Cru, Cld, Crd, as well as three-leg edge tensors El, Er, Eu, Ed.
The CTMRG algorithm updates these corner and edge
tensors so as to form an infinite environment surrounding
the local tensor T n as shown in Fig. 2. The arrows in Fig. 2
are attached to all indices of the Grassmann tensors to
represent their grading, which originates from the integration
over the auxiliary fermions [32].3 We denote the bond
dimension of the local fundamental tensor as d, while that
of the bonds connecting the corner matrices and edge tensors
is denoted by D. This virtual bond dimension D serves as a
hyperparameter that controls the accuracy of approximating
the infinite environments.
The eight environment tensors are initialized with

random entries, and they are then updated iteratively until
convergence is reached. During the iterative update proc-
ess, the environment tensors located in the four directions
are updated sequentially, referred to as the left, right, up,
and down moves. For example, the left move is performed
through a two-step procedure, as illustrated in Fig. 3.
Firstly, a 1 × 1 unit cell of bulk tensor, together with its
upward and downward environment tensors, is inserted into
the Grassmann tensor network, and subsequently absorbed
into the left environment, defining the enlarged environ-
ment tensors C̃lu, C̃ld, and Ẽl, as shown in Fig. 3(a). Next,

pairs of Grassmann projectors P and Q are inserted to
truncate the enlarged virtual bond dimension from dD back
to D for C̃lu, C̃ld, and Ẽl, as shown in Fig. 3(b). This
procedure defines a recursive update rule for Clu, Cld, and
El. The recursive updates of the environment tensors for the
remaining directions proceed in a similar manner, and all
the environment tensors are updated after a single CTMRG
step. We refer to Appendix A for the details on how to
derive P and Q. The computational cost of the CTMRG
algorithm scales as Oðd3D3Þ.
Once the converged environment tensors are obtained,

the partition function Z and the condensate hψ̄ðnÞiγ5ψðnÞi
can be easily evaluated [65,66],

ð3:9Þ

FIG. 2. Original infinite Grassmann tensor network (left) and its effective representation by using the environment tensors
(right). Corner matrices and three-leg edge tensors are introduced to approximate an infinite environment surrounding a local Grassmann
tensor T . The local Grassmann tensor has bond dimension d, while the bond dimensions connecting the environment tensors are
denoted by D.

3In this paper, the directions of the arrows are chosen to be
opposite to those in Ref. [32].
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ð3:10Þ

We note that the CTMRG algorithm evaluates these
quantities directly in the thermodynamic limit, assuming
open boundary conditions. However, once the environment
constructed by CTMRG are sufficiently converged, the
resulting thermodynamic quantities become insensitive to
the choice of boundary conditions. Therefore, although
periodic boundary conditions are assumed in the formal
expressions of Eqs. (3.1) and (3.8), they do not affect our
final results.

1. Correlation length, entanglement entropy,
and spectrum

The CTMRG algorithm directly deals with corner, row-
to-row, and column-to-column transfer matrices. The cor-
ner transfer matrices are nothing but the corner matrices
Clu, Cru, Cld, Crd. On the other hand, the row-to-row transfer
matrix is defined by two edge tensors El and Er via

(a)

(b)

FIG. 3. The left move in the Grassmann CTMRG algorithm consists of two steps: (a) inserting a column of bulk tensors and absorbing
it into the left environment; and (b) constructing the Grassmann projectors P and Q to truncate the virtual bond dimension and update
the left environment tensors Clu, El, and Cld.
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ð3:11Þ

Similarly, the column-to-column transfer matrix is defined
by Eu and Ed as

ð3:12Þ

Both Eqs. (3.11) and (3.12) define D2 ×D2 Grassmann
matrices. From these transfer matrices, one can evaluate the
effective correlation length ξD at the given bond dimension
D [67], whose definition is as follows:

1

ξD
¼ ln

λ1
λ2

; ð3:13Þ

where λ1 and λ2 are the leading and the subleading
eigenvalues of row-to-row, or column-to-column, transfer
matrix.
As another benefit of the CTMRG method, we can

define the classical analog of entanglement entropy by

SD ¼ −TrðρD log ρDÞ ¼ −
XD
i¼1

θi log θi: ð3:14Þ

Here, θi denote the eigenvalues of the reduced density
matrix ρD with bond dimension D, which is represented as
a product of four corner matrices [68,69]:

ð3:15Þ

When the system is at criticality, the central charge c of the
corresponding conformal field theory (CFT) can be esti-
mated using the effective correlation length ξD and entan-
glement entropy SD via

SD ≃
c
6
log ξD þ const: ð3:16Þ

Equation (3.16) is analogous to the Calabrese–Cardy
formula [70] and describes the scaling of the entanglement
entropy induced by a finite bond dimension D [71,72].
Although Refs. [71,72] are based on the MPS with bond
dimension D for one-dimensional quantum systems, the

finite-D scaling also holds in the case of CTMRG for two-
dimensional classical systems [67,69].
We also introduce the quantity related to the entangle-

ment spectrum by

αi ¼ −2 log θi: ð3:17Þ

Note that the entanglement spectrum serves as a useful
quantity to reveal the topological phases of matter, as
originally pointed out by Li and Haldane in the context of
the fractional quantum Hall states [73]. Later, Ref. [74]
demonstrates that the Haldane phase, a typical SPT phase
in the S ¼ 1 spin chain, exhibits double degeneracies in the
entire entanglement spectrum. These degeneracies are quite
robust and generated by the same set of symmetries that
protect the Haldane phase.

IV. NUMERICAL RESULTS

A. Benchmarking with free Wilson fermions

We first validate the efficiency of the Grassmann
CTMRG algorithm by benchmarking with the single-flavor
free Wilson fermion theory, which is defined by the action
in Eq. (2.1) with Nf ¼ 1 and g2σ ¼ g2π ¼ 0. We compute the
free energy by varying the bond dimension D and observe
the relative error δf defined by

δf ¼
���� lnZD − lnZexact

lnZexact

����; ð4:1Þ

where the resulting partition function at bond dimension D
is denoted by ZD, while Zexact denotes the exact solution.
Figure 4(a) shows that the Grassmann CTMRG repro-

duces the analytic solution almost exactly within double-
precision accuracy at M ¼ 1, where the system is away
from criticality, as discussed below. For comparison, we
also present results obtained using other conventional
Grassmann tensor network algorithms, involving the
Grassmann TRG [26,75], Grassmann bond-weighted
TRG (BTRG) [76,77], and Grassmann higher-order TRG
(HOTRG) [78,79]. Figure 4(a) clearly shows that the
CTMRG outperforms conventional algorithms at the same
bond dimension. We also provide a similar benchmark at
M ¼ 0, where the theory acquires an additional Uð1Þ
symmetry beyond the normal Uð1ÞV symmetry [80,81].
As shown in Fig. 4(b), although the accuracy of all
Grassmann tensor network algorithms deteriorates in this
case, the CTMRG still achieves the highest accuracy
among them.

B. Phase diagram

We now present the overall phase structure obtained
from our Grassmann CTMRG computations in Fig. 5. The
CTMRG identifies three distinct phases: the Aoki phase,
the topological insulator phase, and the trivial phase.
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The Aoki phase is separated from the other phases by
critical lines characterized by c ¼ 1=2. In contrast, the
topological insulator and trivial phases are separated by
critical lines with c ¼ 1. The detailed characterization of
each phase is presented below. We find several consisten-
cies with the large-Nf phase diagram in Fig. 1. First, the

phase diagram is mirror-symmetric with respect to M ¼ 0.
Second, the critical lines separating the Aoki phase and the
topological insulating phase exhibit a characteristic two-
lobe structure. Although the tridentlike shape of the Aoki
phase shown in Fig. 1 is not clearly visible in Fig. 5, our
numerical results presented below suggest that such a
tridentlike structure indeed exists. The main difference
from the large-Nf phase diagram is that the Aoki phase is
entirely surrounded by critical lines, and our numerical
results indicate that the Aoki phase does not persist in the
strong-coupling regime when Nf ¼ 1.

1. Aoki phase at M =0

We first investigate the parity symmetry–broken phase at
M ¼ 0. Fig. 6 shows the resulting pseudoscalar condensate
as a function of g2. The finite-D effects appear to be well-
suppressed for g2 ≳ 0.7, where a clear signal of sponta-
neous parity symmetry breaking is observed up to g2 ∼ 0.9.
In contrast, the behavior of the pseudoscalar condensate
strongly suggests that parity symmetry remains unbroken at

FIG. 4. The relative error δf against the bond dimension D for different Grassmann tensor network algorithms. When the system is
away from criticality, the CTMRG outperforms other algorithms (a). Although the finite-D effect is enhanced in all the algorithms near
criticality, the CTMRG still shows the highest accuracy among these algorithms (b).

-2 -1 0 1 2

c = 1/2

c = 1c = 1

SPTSPT

TrivialTrivial

c = 1/2c = 1/2

FIG. 5. Phase diagram of the Nf ¼ 1 GNW model on the
ðM; g2Þ plane from the Grassmann CTMRG with D ¼ 128. The
model exhibits three distinct phases: the Aoki phase, the
topological insulator phase, and the trivial phase. The heat
map represents the magnitude of the pseudoscalar condensate,
which serves as the order parameter of the Aoki phase. White
crosses indicate the parameter points at which Grassmann
CTMRG detects critical behavior via peaks in the correlation
length and entanglement entropy. Yellow circles denote the points
where the extracted central charge is consistent with c ¼ 1=2,
while red squares indicate the points consistent with c ¼ 1. The
Aoki phase is separated from the other phases by critical lines
characterized by c ¼ 1=2. The topological insulator and trivial
phases are separated by critical lines with c ¼ 1.

FIG. 6. Pseudoscalar condensate at M ¼ 0 as a function of g2

varying the bond dimension D.
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g2 ≳ 0.9. We also observe that the finite-D effect is
enhanced at smaller values of g2. In particular, the magni-
tude of the pseudoscalar condensate decreases as the bond
dimension is increased. As already suggested by Fig. 4(b),
the finite-D effects are expected to become significant in
the weak-coupling regime at M ¼ 0. Therefore, we further
push the bond dimension of the CTMRG up to D ¼ 208.
Figure 7 shows the pseudoscalar condensate in the weaker
coupling regime extrapolated to the D → ∞ limit. We fit
the results assuming π ¼ a=Dþ C, where a and C are free
parameters. We find a nonzero pseudoscalar condensate at
least for g2 ≥ 0.2.
The vanishing pseudoscalar condensate in the strong-

coupling region is highly contrasted with the large-Nf
prediction, where the Aoki phase persists in the strong
coupling limit. However, we expect that when the four-
fermion interaction term dominates the action in Eq. (2.1),
the contribution from the kinetic term becomes negligible
and the theory is trivially gapped. Therefore, the CTMRG
result and the large-Nf phase diagram suggest that the
critical g2 will be pushed further into the strong-coupling
regime as Nf is increased. We further note that this

observation may not be in contradiction with a recent
prediction from the ’t Hooft anomaly matching at M ¼ 0,
which implies that parity symmetry is broken for any value
of g2 in the Nf ¼ 1 GNW model [15]. This can be because
the discussion in Ref. [15] is based on a continuum
approximation, which is expected to be valid near the
continuum limit. In contrast, our numerical analysis treats
the system purely as a lattice model, and the large-g2

regime lies far outside the vicinity of the continuum limit.
At the same time, since the prediction in Ref. [15] should
hold at the weak-coupling regime, we anticipate that a
much larger bond dimension is required to numerically
resolve a finite pseudoscalar condensate for g2 ≤ 0.2.4

FIG. 7. Extrapolation of pseudoscalar condensate to theD → ∞ limit at weak coupling. Dark circles show the results at finiteD, while
red ones denote the extrapolated values. Dashed lines denote our fitting form π ¼ a=Dþ C.

4Since the CTMRG assumes the open boundary condition, the
’t Hooft anomaly matching argument discussed in Ref. [15]
cannot be directly applied to our results. However, we further
remark that the resulting pseudoscalar condensate in Fig. 6 is not
sensitive to the choice of boundary conditions. As demonstrated
in Appendix B, the pseudoscalar condensate computed by the
HOTRG algorithm, which assumes periodic boundary condi-
tions, also exhibits a critical coupling at which the Aoki phase
terminates.

KONG, AKIYAMA, SHI, and XIE PHYS. REV. D 113, 114504 (2026)

114504-10



2. Phase boundaries of the Aoki phase

According to the large-Nf saddle-point approximation,
the phase diagram exhibits two lobes within which the
parity symmetry remains unbroken in the weak-coupling
regime. We now study the phase boundaries of the Aoki
phase by employing the pseudoscalar condensate, correla-
tion length, and entanglement entropy. Figure 8 shows the
pseudoscalar condensate at M ¼ 0.1 obtained at various
bond dimensions. As g2 increases, the system undergoes a
phase transition from the symmetric phase to the Aoki
phase. We find that the extent of the Aoki phase is typically
overestimated at small D. Figure 9 shows the correlation
length and entanglement entropy in the same parameter
region as Fig. 8. Although it is not straightforward to locate
the critical g2 based on the pseudoscalar condensate alone,
we instead use the correlation length and the entanglement
entropy via Eq. (3.16).5 A linear fit of SD as a function of
log ξD yields an estimate of the central charge c. We find
that Eq. (3.16) indeed holds at ðM; g2Þ ¼ ð0.1; 0.77181Þ
with c ¼ 0.498ð3Þ, which is in agreement with the two-
dimensional Ising universality class, as shown in Fig. 10(a).
We note that by assuming the critical coupling g2c ¼
0.77181 at M ¼ 0.1, the entanglement entropy SD for
different D collapse onto a single curve, as shown in
Appendix C. This further supports that the system is critical
at ðM; g2Þ ¼ ð0.1; 0.77181Þ.
Based on the previous observation of the pseudoscalar

condensate at M ¼ 0 in the large-g2 region, as shown in
Fig. 6, it is natural to expect the existence of another phase
boundary of the Aoki phase in the strong-coupling regime.
We indeed find an additional criticality in the strong-
coupling region. Equation (3.16) again helps us estimate
another critical coupling as shown in Fig. 10(b). We
observe that Eq. (3.16) holds at ðM; g2Þ ¼ ð0.1; 0.92161Þ

with c ¼ 0.500ð4Þ. Therefore, both of the critical points are
described by the two-dimensional Ising CFT. By repeating
the above analysis for various values of M∈ ½−2; 2�, we
find that the c ¼ 1=2 critical lines always separate the Aoki
phase. We also find that the structure of the Aoki phase is
symmetric with respect to M ¼ 0, as shown in Fig. 5.
Before further investigating the fate of the two critical lines
found by the CTMRG, we examine in more detail the two-
lobe structure predicted by the large-Nf phase diagram.

3. Topological insulating phase

So far, our CTMRG simulations indicate that the Aoki
phase is separated by critical lines characterized by
c ¼ 1=2. In the weak-coupling regime, these c ¼ 1=2
critical lines partially form the two-lobe structure. Away
from the M ¼ 0 line in the weak-coupling region, the
CTMRG finds that the Aoki phase rapidly disappears.
Nevertheless, signatures of criticality are still captured
through the behavior of the correlation length and the
entanglement entropy.
Figure 11 shows the correlation length and entanglement

entropy as a function of M at g2 ¼ 0.4. Although no finite
pseudoscalar condensate is observed in this parameter
region, both quantities exhibit pronounced peaks around
M ∼ 1.6466. These observations indicate the presence of a
critical point, which is further confirmed by the finite-
entanglement scaling analysis based on Eq. (3.16), as
shown in Fig. 12. From the linear scaling behavior in
terms of log ξD, we extract a central charge c ¼ 1.01ð3Þ at
ðM; g2Þ ¼ ð1.6466; 0.4Þ. The resulting c ¼ 1.01ð3Þ seems
natural, as the model is expected to be governed by a
massless Dirac fermion, which is characterized by c ¼ 1, in
the weak-coupling limit near M ¼ �2. By repeating this
analysis for various g2 in the weak-coupling regime, we
indeed find that the two-lobe structure is characterized by
the c ¼ 1=2 critical line around M ¼ 0 and the c ¼ 1
critical lines away from M ¼ 0. We also find two identical
c ¼ 1 critical lines, the one seemingly originating near
M ¼ 2 and the other near M ¼ −2, which are symmetric
with respect to M ¼ 0, as shown in Fig. 5. This result is
consistent with recent MPS simulations based on the
Hamiltonian formalism [23], in which the single-lobe
structure is characterized by a c ¼ 1=2 critical line at large
g2 and by a c ¼ 1 line at weak couplings. The difference in
the number of lobes arises from the absence of doubler
modes associated with the continuous temporal direction in
the Hamiltonian formalism.
Here, we further investigate the phases realized inside

these two lobes by analyzing the entanglement spectrum
introduced in Eq. (3.17). Figure 13 shows the lowest twenty
entanglement spectra obtained at g2 ¼ 0.8 for three repre-
sentative values of M. Figures 13(a) and 13(b) correspond
to M ¼ 2.8 and M ¼ 0.1, respectively, both of which lie
outside the lobes. In contrast, Fig. 13(c) is obtained inside
the lobe, where the CTMRG consistently yields a doubly

FIG. 8. Pseudoscalar condensate atM ¼ 0.1 as a function of g2

varying the bond dimension D.

5We also note that the data collapse of the entanglement
entropy can provide an alternative way to identify both the critical
point and the universality class, as discussed in Appendix C.
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degenerate entanglement spectrum. We find the same
behavior throughout the entire phase diagram. We expect
that these doubly degenerate entanglement spectra provide
strong evidence for a topological insulating phase. In fact,

Ref. [23] presents an analytical argument based on large
Nf, according to which a topological insulator is real-
ized within these two lobes for oddNf. We further note that
a similar phase identification based on entanglement

FIG. 9. Correlation length (a) and entanglement entropy (b) at M ¼ 0.1 as a function of g2 varying the bond dimension D.

FIG. 10. Entanglement entropy as a function of the effective correlation length at M ¼ 0.1.

FIG. 11. Correlation length (a) and entanglement entropy (b) as a function of M at g2 ¼ 0.4 varying the bond dimension D.
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spectra has been reported for the Creutz–Hubbard model,
in which the topological insulating phase is indeed
characterized by a twofold-degenerate entanglement
spectrum [82].

4. Triple point

We finally address the fate of two critical lines charac-
terized by c ¼ 1=2. Since we have already found the c ¼ 1

critical line, separating the topological insulating phase
from the trivial phase, we expect the phase structure
schematically shown in Fig. 14; two c ¼ 1=2 critical lines
merge at a certain point, while a single critical line with
c ¼ 1 remains. We note that a similar scenario has also
been confirmed by the recent MPS simulation [23]. The
phase structure shown in Fig. 14 suggests that the Aoki
phase indeed exhibits a tridentlike shape, as predicted in the
large-Nf phase diagram shown in Fig. 1.
Figure 15 shows the pseudoscalar condensate at g2 ¼ 0.9

as a function of M, indicating the existence of two
independent transition points. We note that the CTMRG
suggests the presence of three transition points in the region
with M > 0 at g2 ¼ 0.9; two around M ∼ 0.763 as shown
in Fig. 15, and another around M ∼ 0.363, as suggested

in Fig. 5. This result is consistent with the phase structure
schematically illustrated in Fig. 14.
As shown in Fig. 16, both the correlation length and the

entanglement entropy at g2 ¼ 0.9 also exhibit clear double-
peak structures around M ∼ 0.763. However, since these
two transition points are located very close to each other, a
reliable analysis of the finite-entanglement scaling becomes
difficult, and we leave a more detailed investigation for
future work. Instead, we focus here on providing an
estimate for the location of the triple point. We first
estimate the two transition points simply from the positions
of the peaks in the correlation length for several values of

g2. Denoting these two points by Mð1Þ
c and Mð2Þ

c , with

Mð1Þ
c < Mð2Þ

c , we computeΔM ¼ Mð2Þ
c −Mð1Þ

c as a function
of g2 while varying the bond dimension. A vanishingly
small value of ΔM signals the location of the triple point.
The resulting ΔM is shown in Fig. 17. From this

FIG. 12. Entanglement entropy as a function of the effective
correlation length at ðM; g2Þ ¼ ð1.6466; 0.4Þ.

FIG. 13. Entanglement spectrum at g2 ¼ 0.8. These three choices of M are representative of the trivial phase (a), the Aoki phase (b),
and the SPT phase (c). Pairs of doubly degenerate spectra appear only inside the lobe structure.

FIG. 14. Schematic phase diagram near a triple point, denoted
by a blue point, at which the Aoki phase terminates, and two
c ¼ 1=2 critical lines merge into a single c ¼ 1 critical line.
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observation, the triple point is expected to be located
around ðM; g2Þ ∼ ð0.812; 0.89Þ. Assuming a phase struc-
ture symmetric with respect to M ¼ 0, there should be
another triple point at ðM; g2Þ ∼ ð−0.812; 0.89Þ.

V. SUMMARY AND OUTLOOK

This work represents the first tensor network study to
determine the full phase diagram of the (1þ 1)-dimensional
single-flavor GNW model based on the path-integral for-
malism. By developing the Grassmann CTMRG algorithm,
we have successfully identified the phase diagram, which
consists of three distinct phases; the Aoki phase, the
topological insulating phase, and the trivial phase. The
Aoki phase is characterized by a finite pseudoscalar con-
densate, which is computed using the impurity tensor
method within the CTMRG framework. To determine the
universality classes appearing on the phase boundaries, we
analyze not only the correlation length but also the entan-
glement entropy, which are directly available from the
reduced density matrix constructed by the CTMRG.
Our results have shown that the Aoki phase is separated

from the other two phases by critical lines characterized by
c ¼ 1=2. The topological insulating phase is further iden-
tified through its characteristic entanglement spectrum, in
which all eigenvalues appear as doubly degenerate pairs.

FIG. 15. Pseudoscalar condensate at g2 ¼ 0.9 as a function of
M varying the bond dimension D.

FIG. 16. Correlation length (a) and entanglement entropy (b) as a function of M at g2 ¼ 0.9 varying the bond dimension D.

FIG. 17. (a) Mð1Þ
c and Mð2Þ

c as a function of g2 at D ¼ 128. (b) Difference between Mð1Þ
c and Mð2Þ

c as a function of g2 at several bond
dimensions.
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We have found that this topological phase exhibits a two-
lobe structure, consistent with the large-Nf prediction. On
the other hand, our CTMRG results suggest that the large-
Nf approach tends to overestimate the extent of the Aoki
phase. We have identified triple points at which the Aoki
phase terminates. At these points, the two c ¼ 1=2 critical
lines appear to merge into a single c ¼ 1 critical line.
This scenario is also consistent with the recent MPS
simulation of the same model based on the Hamiltonian
formalism [23].
A striking difference between the phase structure

obtained from the CTMRG and that predicted by the
large-Nf analysis is that the Aoki phase disappears in
the strong-coupling region, terminating at finite critical
couplings. However, the phase structure obtained from the
Grassmann CTMRG seems to be more natural in the sense
that in the strong-coupling regime, where the four-fermion
interaction term dominates the action, the contribution from
the kinetic term becomes negligible, and the lattice theory
is expected to be trivially gapped. The recent prediction
based on ’t Hooft anomaly matching atM ¼ 0 suggests that
the parity symmetry is broken for any value of g2 in the
Nf ¼ 1 GNW model [15], which is expected to be valid
only in the vicinity of the continuum limit. Our numerical
analysis instead treats the system purely as a lattice model
and suggests that the large-g2 region lies far outside the
domain where the continuum description applies.
Recently, Grassmann CTMRG has also proven useful for

quantitatively characterizing the ground-state phase dia-
gram of the one-dimensional Hubbard model [64]. It would
therefore be interesting to apply this approach to more
general interacting fermionic systems that host novel
quantum states in one dimension. As future work, it is
interesting to investigate the phase structure of the multi-
flavor GNW model using the Grassmann tensor
networks [38] and to clarify how the critical coupling
separating the Aoki and trivial phases evolves as the
number of flavors is increased, in particular, whether it
is pushed further into the strong-coupling regime.
Identifying the phase inside the two lobes for Nf ¼ 2
could also be an interesting direction for future study.
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APPENDIX A: CONSTRUCTION OF THE
GRASSMANN PROJECTORS P AND Q

The most essential step of the CTMRG algorithm is to
properly construct the projectors P and Q, whose purpose
is to preserve as much information as possible while
minimizing the truncation error. Following Ref. [59], we
consider a minimal 2 × 2 unit cell of bulk tensors with the
surrounding environments as shown in Fig. 18(a), the red
arrow marks the position to insert the P andQ. We regard a
4 × 4 cluster in Fig. 18(a) as a four-leg tensor W, by
making a cut at the middle of the two columns on the right
side, indicated by the red dashed line, and introducing the
four-leg tensors X and Y as upper-half and lower-half
clusters. Here, we derive the Grassmann projectors P and
Q in such a way that they reproduce the Grassmann
singular value decomposition (SVD) of the tensor W.
More explicitly, we need to derive P and Q as

WA1Ā2Ā1A2
¼

Z
B̄1;B1

Z
B̄2;B2

XA1Ā2B̄2B̄1
YB1B2Ā1A2

≃
Z
B̄1;B1

Z
B̄2;B2

Z
B̄3;B3

Z
B̄4;B4

XA1Ā2B̄2B̄1

×

�Z
C̄;C

PB1B2C̄QCB̄4B̄3

�
YB3B4Ā1A2

; ðA1Þ

which corresponds to the truncated Grassmann SVD ofW.
In the above expression, we have introduced the shorthand
notation,

Z
η;ξ

≔
Z Z

dηdξe−ηξ; ðA2Þ

with the Grassmann variables η and ξ.
To further describe how to derive these projectors, we

focus on their coefficient tensors. We introduce the
Grassmann parity function pðiÞ, which takes 0(1) when
the argument i describes the Grassmann even (odd) con-
tribution. We note that i is not restricted to a single binary
variable, but can represent a bit string consisting of multiple
indices [53]. Letting W be the coefficient tensor of W, the
first equality in Eq. (A1) results in the contraction between
the coefficient tensors X and Y in X and Y, respectively,
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Wa1ā2ā1a2 ¼
X
b1;b2

Xa1ā2b2b1Yb1b2ā1a2 × ð−1Þpðb1Þþpðb2Þ

≡ X
b1;b2

Xa1ā2b2b1 Ỹb1b2ā1a2 ; ðA3Þ

where we have introduced Ỹb1b2ā1a2 ¼
ð−1Þpðb1Þþpðb2ÞYb1b2ā1a2 . We note that the Grassmann indi-
ces are labeled by capital letters, whereas the corresponding
integer-valued indices in coefficient tensors are denoted by
the corresponding lowercase letters.
Introducing the normal SVD of the W tensor as

W ¼ USV†, the coefficient tensors of P and Q are now

available as

ðA4Þ

ðA5Þ

FIG. 18. Construction of the Grassmann projectors P and Q. (a) A 2 × 2 unit cell together with its surrounding environment.
(b) Graphical representation of Eq. (A1).
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The truncation of P and Q has already been performed
according to the magnitude of the singular value S. The
construction would be quite similar when we bring
Grassmann variables back into the story. The coefficient
tensors in P and Q are now given by

Pb1b2c̄ × ð−1Þpðb1Þþpðb2Þ; ðA6Þ

Qcb̄3b̄4 × ð−1ÞpðcÞ: ðA7Þ

APPENDIX B: PSEUDOSCALAR CONDENSATE
EVALUATED UNDER PERIODIC BOUNDARY

CONDITIONS

Here, we directly compute Eqs. (3.1) and (3.8) assuming
the periodic boundary conditions. For this purpose,
we employ the HOTRG [78,79] with the impurity
method [85,86].

Figure 19 shows the resulting pseudoscalar condensate
in the thermodynamic limit at M ¼ 0 as a function of g2,
whose behavior is in good agreement with that shown in
Fig. 6; the HOTRG also finds a critical coupling around
g2 ∼ 0.925 at which the Aoki phase terminates. In Fig. 19,
we restrict our analysis to the region g2 ∈ ½0.6; 1.0�, since
the HOTRG suffers from larger truncation errors for
g2 ≤ 0.6, which makes it difficult to reliably take the limit
D → ∞, unlike in the case of the CTMRG shown in Fig. 7.
We also note that the larger truncation errors in the HOTRG
have already been suggested by Fig. 4(b).

APPENDIX C: SCALING ANALYSIS OF THE
ENTANGLEMENT ENTROPY

In one-dimensional critical systems, it is known that the
MPS with bond dimension D induces a finite correlation
length which scales as

ξD ∼Dκ; ðC1Þ

where

κ ¼ 6

cð ffiffiffiffiffiffiffiffiffiffi
12=c

p þ 1Þ ; ðC2Þ

with the central charge c [71,72]. Several numerical studies
have found that the finite-D scaling in Eq. (C1) also holds
in the CTMRG calculations with κ given by Eq. (C2)
[69,87]. As shown in Fig. 20, the curves for different values
ofD collapse reasonably well onto a single curve described
by a universal scaling function when we assume the two-
dimensional Ising CFT, with c ¼ 1=2, the critical exponent
ν ¼ 1, and the critical couplings obtained in Sec. IV B 2 at
M ¼ 0.1. We find, however, that the best data collapse in
Fig. 20 is achieved with κ ∼ 1.48, which differs from the

FIG. 19. Pseudoscalar condensate at M ¼ 0 as a function of g2

obtained by the HOTRG with D ¼ 72. For comparison, the
resulting pseudoscalar condensate from the CTMRG atD ¼ 80 is
also shown by star symbols.

FIG. 20. Data collapse of the entanglement entropy at M ¼ 0.1 based on finite-entanglement scaling, assuming c ¼ 1=2 and ν ¼ 1,
with g2c ¼ 0.77181 (a) and g2c ¼ 0.92161 (b).
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value κ ≃ 2.03 predicted by Eq. (C2) at c ¼ 1=2. We note
that although minor discrepancies from Eq. (C2) have been
reported in previous numerical studies [88–90], the
deviation observed in this study is significantly larger,

suggesting that it may not be identical to those found
earlier. Further investigation of the finite-D scaling is
needed to understand the origin of this deviation, which
we leave for future work.
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