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Abstract We investigate the information paradox in the
four-dimensional Kerr—-Newman black hole by employing
the recently proposed island paradigm. To accurately cap-
ture the behavior of entanglement entropy in Kerr—Newman
spacetime, we analyze the form of quantum fields in the
near-horizon limit. We demonstrate the field can be effec-
tively described by a reduced two-dimensional field theory.
Under the framework of this reduced two-dimensional the-
ory, the entanglement entropy of radiation satisfies the Page
curve. We also examine the impact of angular momentum
and charges on the Page time and the scrambling time. A step
further, we concentrate on analyzing the near extremal case.
Resort to the Kerr/CFT correspondence, the near-horizon
geometry of near extremal Kerr—Newman black holes can be
taken account for a warped AdS geometry. In this scenario,
the low-energy effective degrees of freedom are dominated
by the Schwarzian zero mode, resulting in a one-loop cor-
rection to the partition function. The entanglement entropy
is subsequently recalculated under the thermodynamic with
corrections. Through explicit calculations, we finally find
that the Page time and the scrambling time exhibits quan-
tum delays. This strongly suggests that the near extremal
geometry is governed by the Schwarzian dynamics, in which
quantum fluctuations result in a reduced rate of information
leakage. Moreover, we provide a rigorous discussion on the
validity of the island formula and compute the entanglement
entropy in Kerr—Newman AdS spacetime as a supplementary
example. Our findings further substantiate information con-
servation and extend the island paradigm to the most general
class of stationary spacetime.
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1 Introduction

The quantum properties of the black hole have significantly
contributed to the development of a consistent theory of quan-
tum gravity. Among these properties, one of the most intrigu-
ing is Hawking radiation, which first proposed by Stephen
Hawking [1]. Since the Hawking radiation involves classical
general relativity (GR) and quantum field theory, which pro-
vides a profound insight into the quantum gravity. However,
Hawking radiation will eventually lead black holes to evap-
orate and disappear. More specifically, a black holes formed
from the pure state eventually evolves into a mixed state [2].
This process violates the principle of quantum mechanics
known as the unitarity, which leads to information loss [3].
The requirement of the unitarity suggests that the final state
of a black hole formed by the pure state must also remain
in a pure state. Consequently, this has given rise to the well-
known black hole information paradox [3].

The von Neumann entropy, or the entanglement entropy,
is utilized to express the quantification of the amount of infor-
mation loss. Hawking’s calculations in that the entanglement
entropy of radiation continuously increases with time and
eventually exceeds the Bekenstein—Hawking entropy bound
[4] in the later stages of black hole evaporation. However, the
unitary evaporation of black holes is expected to be accom-
panied by a particular form of the evolution of the entangle-
ment entropy. Specifically, the entanglement entropy must
asymptotically decrease to zero in end of evaporation. Based
on this principle, Page demonstrates that the so-called Page
curve [5] must be satisfied during the evaporation process
of the entanglement entropy of Hawking radiation. There-
fore, the key of resolving the black hole information paradox
hinges on successfully reproducing the corresponding Page
curve in the specific theoretical framework [6].

Calculating the Page curve has been a very challenging
task until the proposal of the AdS/CFT duality [7]. This the-
ory suggests that the gravitational theory in anti-de Sitter
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(AdS) spacetime can be equivalently described by the con-
formal field theory (CFT) on its boundary. This finding offers
conclusive evidence that the evaporation process of black
holes in AdS spacetime is unitary. Recently, this field has
a significant breakthrough [8—11]. The related studies indi-
cates that the Page curve can be calculated by the following
island formula based on the quantum extremal surface (QES)
prescription [12]:

Sgr = min [ext(Sgen)]

A ol
_ min[ext(% 4 Scrr(R U 1))],

(1.1)

where Sgen is denoted as the generalized entropy. It can sim-
ply be regarded as an extension of the Ryu—Takayanagi for-
mula [13-15]. The generalized entropy is composed of the
sum of the area term and the entropy associated with the quan-
tum matter field. Here R represents the radiation region, /
represents the island region with the boundary d/. The key
to the island formula (1.1) lies in that one first extremizes the
generalized entropy (ext) to obtain the position of QES, and
then select the minimum value among all the candidates as the
entanglement entropy of the radiation. This is also known the
island paradigm [11]. Furthermore, the island formula (1.1)
can be rigorously derived from the Euclidean path integral
through the application of the replica trick [16—18]. Detailed
calculations reveal that the emergence of the entanglement
islands is associated with the replica wormholes saddle that
dominates the evaporation at late times.

At present, the island paradigm has not only be applied to
the initial evaporative Jackiw—Teitelboim gravity [19,20] but
also extends to scenarios involving eternal black holes [21]
and various specific spacetime background [22-112]. How-
ever, in these studies, nearly all have focused on the case of
black holes that are static spherically symmetric [22-31,53—
104]. There are few reports on non-spherically symmetric
stationary black holes [61,62,79]. For the most general type
in four-dimensional spacetime, known as the Kerr—-Newman
black hole. Its metric describes a rotating, charged mass and
represents the most general solution to the Einstein’s equa-
tions in GR. Therefore, it holds significant theoretical impor-
tance in the mathematical framework of GR and extends
beyond. Correspondingly, resolving the information para-
dox in this black hole is a critical issue. This study can also
offer valuable insights into other four-dimensional scenarios.
Therefore, the first motivation of our study is to extend previ-
ous works to the stationary non-spherically symmetric Kerr—
Newman spacetime. Our second motivation is to examine the
behavior of the results for the near extremal case. Since for
the extremal Kerr metric, the near-horizon geometry can be
effectively described in a warp AdS3. Accordingly, the cal-
culation process and results in non-extreme cases need to
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corrected. Our final explicit calculation yields the corrected
results and provides consistent support for unitarity.

The structure of this paper is organized as follows. In
Sect. 2, we briefly review the fundamental properties of
the Kerr—-Newman black hole and introduce the standard
technique that can transform a quantum field in the four-
dimensional Kerr—Newman spacetime into an effective two-
dimensional description. This approach establishes an effec-
tive two-dimensional metric near the event horizon, which
facilitates the subsequent calculation of the entanglement
entropy. In Sect. 3, we rigorously calculate the entangle-
ment entropy of the radiation emitted by non-extremal Kerr—
Newman black holes and derive the corresponding Page
curve. Furthermore, we analyze the effects of the charge and
the angular momentum on both the Page time and the scram-
bling time. In Sect. 4, we focus on the near extremal cases.
Based on the Kerr/CFT correspondence, the near extremal
Kerr—Newman geometry approximates to a warped AdS3 at
the near-horizon region. By incorporating the one-loop cor-
rection to the modified thermodynamics through the zero
mode associated with Schwarzian dynamics, we arrive at a
final result of Page time and scrambling time. We find these
quantities will be significantly delayed due to the one-loop
correction and provide the correct result in the near extremal
limit. Furthermore, in Sect. 5, we provide a rigorous analysis
of the regime of validity of the island formula, and present the
entanglement entropy in Kerr—Newman—AdS spacetime as a
supplementary example. Our results further support informa-
tion conservation and demonstrate that the island paradigm
remains applicable in the most general class of stationary
spacetime backgrounds. Finally, the Sect. 6 summarizes the
conclusions and provides further discussions.

2 Quantum fields in Kerr—-Newman spacetime

In this section, we provide a concise review of the Kerr—
Newman spacetime and its distinctive properties. Subse-
quently, we provide a detailed description of the method
used to reduce a four-dimensional theory to an effective
two-dimensional theory by employing the near-horizon limit.
Then, the subsequent calculation of entanglement entropy
can be simplified.

2.1 Kerr—Newman black black holes

In this subsection, we provide some useful relations of Kerr—
Newman black holes, which are used in the following con-
tent. The metric for the rotating charged Kerr—Newman
spacetime in the Boyer-Lindquist coordinate are written as
follows

A —a®sin?0 PR sin? (2 + a2 — A)
z z

ds? =-— dtde
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(r? +a*)? — Aa*sin® 0
s

x
sin? 0d¢? + Zdrz +xdo*, (2.1)

where these notations are respectively defined by

L (2.2a)
= _ 2a

a M,
¥ =r2442 00529, (2.2b)
A=r?—2Mr+d*+ Q> =0 —r)r—ro). (22

In the above equations, M, J, Q and ry correspond to mass,
angular momentum, charge and event(outer)/inner horizons,
respectively. Moreover,

re =M/ M2 —a?— Q2.

For the general case, the condition 0 < a® 4+ Q% < M?
describes the non-extremal black hole. However, it should
to notice that two horizons coincide when M2 = a% + Q2.
It represents for the extremal case. The surface gravity « is
related to the Killing vector £# of the event horizon

(2.3)

() = | —svrEvy g, = 24

k() =,/—= = .
2 VT2 + a?)

Here £ = (3" + 2u(3)", whete 2y = —%— is the

angular velocity at the event horizon. The symbol V, is
denoted as the covariant derivative operator. Then the Hawk-
ing temperature is derived by

k(ry) ry —r_

Ty = = . 2.5

U7 0 T 4o 4 a?) -
The area of the event horizon is given by

2w b4
ﬂ:/./_—gdedw =/ d(p/ do(r* + a®)sin @
0 0 (2.6)
=d4dr (ri + az).
Thus, the Bekenstein—Hawking entropy is read off as
o m@ri+a?)

Spu = == ) 2.7)

4Gn Gy

It needs to be emphasized that, in the extremal case, both the
surface gravity (2.4) and the Hawking temperature (2.5) are
vanishing. We will discuss the extremal case in detail in the
subsequent section.

2.2 The effective two-dimensional theory

In this subsection, we demonstrate that the quantum filed
in four-dimensional Kerr—Newman spacetime can be trans-
formed to a two-dimensional theory by imposing the near-
horizon limit.

For convenience, consider a complex scalar field ¢* in
Kerr—Newman spacetime. This action is written as

I = /d4x’\/ _ggl“/(aﬂ + iev,u)‘l’*(av —ieVy)d + Lin.
(2.8)

where the first term is denoted as the kinetic term, the second
term is the interaction terms. The gauge field V,, is given by
— ﬂQﬁ 0,0, O). Then, we substitute the Kerr—Newman

metric (2.1) to the action (2.8), yielding to [113]

2 2
I= / dtdrdfdg sin 9¢*[(% e sin20)

: 2 2 2
ieQr C(r 4a
(3t+r2+—az> +21a< A — l)

ieQr \ ~ ) a? )
X 3;+W L; —9,A0,+L _ZLZ ¢+ Lint,

72
(2.9)
where we have used the angular momentum operator
L L, singd LTI i9,. (2.10)
= ———0p sin - ——92, = —id,. .
sin " 0 sin? @ ¢ ‘ ¢

Then we expand the scalar field ¢ in terms of the spherical
harmonics: ¢ = Zl’m G (t, 1) Y, (0, @), we obtain

I= / dtdrdfdesin® y  ¢F; Y},

et
[ (o 2 ) (s 272 )
—|—2imar22a2 X (8,—1—%) (2.11)
_ zima<a, + %) — A 11+ 1) — ’"1“2]

X Z¢lelm + lint-

I,m

In the above equation, the eigenvalue equation for L%?and L Z
is used to simplify

LY =1+ DY, L Yim = mYim, (2.12)

with [ and m represents the azimuthal quantum number and
the magnetic quantum number, respectively. Now we define
the tortoise coordinate as a service for subsequent calculation

dr /‘ 2 +a?
= | ——dr
fr) A

N (a2 +r_2|_)log|r —r4| = (a2 +rz)log|r —r—|

rv(r) =

=r

r4 —r—

(2.13)

Furthermore, we employ the near-horizon limit for the action
(2.11). Near the event horizon r — r4, we have f(r =~
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r4+) = 0 and only the dominant term in (2.11) is left, which : singularity :
yields ) 7 N~
7 >
. " / /
I1(r,) = / dtdr,dfdy sin Z O Vi , ,

I'm’
. 2 .
2 5 ieQr . ieQr
|:(r +a )<8, + o) +a2) + 21ma<3; + ) —|—a2>
s ) m2a>
—d,, > +a*)o,, — m] l/Z/«m Yim. (2.14)
m

The interaction term [j, is discarded due to the fact
that the kinetic term is dominate and the effective theory
becomes to a high-energy state near the horizon. Then, we
use the orthogonal condition for the spherical harmonics:
f dOBd g sin OYI’,’m, Yim = 8118u/m in the expression (2.14) and
rewrite it in terms of r

2 2
I(r) = —Zfdtdr(rz +a2)¢,*m[— rra
I,m

A

ieQr ima \? A
8t+r2+a2 +r2+a2 +8rr2+a28f ¢ZM'
(2.15)

Eventually, we can regard ¢y, as a two-dimensional complex
scalar field in a two-dimensional spherical symmetric metric
guv With the dilaton @ and two U (1) gauge fields U, V:

¢=r’+a’, (2.16a)
1
-8 =— = f(r), gt =0, (2.16b)
8&rr
a
U, = T2t U, =0, (2.16¢)
QOr
Vi = T2z vV, =0. (2.164)

In fact, the gauge filed V, is the original gauge field in the
action (2.8). The other U, is the induced gauge field related
to the isometry along the ¢ direction with the U (1) charge
m. Therefore, the gauge potential A; is the sum of them

eQr + ma

A = eV +mU; =_< 2 + a2

>, A, =0. (2.17)

In the end, through this set of procedures, we utilize the
two-dimensional spherically symmetric effective theory at
the near-horizon limit (» ~ r) to describe the behavior of
quantum fields in four-dimensional non-spherical symmetric
Kerr—-Newman spacetime (2.1) :

dsky = —f(rde® + £~ (rdr?
_ =r)O—r) 5 rPtd
= R dt° + (r—r+)(r—r_)dr .
(2.18)
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Fig. 1 The Penrose diagram for Kerr—Newman black holes. These dash
lines are labeled by event horizons, which divides the whole spacetime
into four wedges. R4 represents the left and right wedge where Hawking
radiation exists

The correctness of this result can be verified by calculating
the Hawking temperature, which is given by

_ '

Ty = ="
dr |, An(rl+a?)

r4 —r—

(2.19)

This temperature derived by the metric (2.18) is consistent
with the temperature (2.5). Therefore, we use the effective
theory (2.18) to calculate the entanglement entropy in the
following content.

2.3 Conformal flat form for non-extremal case

Now, we have the effective two-dimensional metric (2.18)
to describe the quantum filed in four-dimensional Kerr—
Newman spacetime. In order to facilitate subsequent calcu-
lations and obtain the extension of spacetime, we need to
employ the Kruskal transformation. In this section, we only
focus on the non-extremal black hole. For the extremal case,
we will discuss this in the Sect. 4. For the Kerr—Newman
spacetime, the corresponding Penrose diagram is shown in
Fig. 1.

For the non-extremal case, the tortoise coordinate is
defined by (2.13). The, define the null coordinate {u, v}:
U =T — Ty V= T+ 1. Accordingly, the Kruskal coor-
dinate {U, V'} that can eliminate the coordinate singularities
are written as

V= _e+Kv

V= +e+KU.

Left Wedge :
Right Wedge :

U= +4e

b=, (2.20)
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Under this transformation, the effective metric (2.18) becomes

to a conformal flat form

dudv
ds? = """ 2.21
s 20 2.21)
with the conformal factor £2 (r)
Ke/cr*(r)
20r)= ——. (2.22)
v f(r)

In addition, the geodesic distance L (a, b) between two points
a and b in the conformal flat metric (2.21) is given by

L%, b) = (U(b) _ U(a))(V(a) _ V(b)).

(2.23)

§2(a)$2(b)

3 Page curves for non-extremal Kerr—Newman black
holes

In this section, we provide the explicit calculation of the
entanglement entropy in Kerr—Newman spacetime. For sim-
plicity, we only consider the quantum field in the non-
extremal case (2.18) in this section. In addition, it is essential
to emphasize some concrete calculation details. It is widely
recognized that deriving the analytical expression of entan-
glement entropy in four-dimensional or higher dimensional
spacetime poses a challenging task. We typically employ the
s-wave approximation [59] to neglect the contributions from
the angular direction, thereby allowing us to concentrate on
the dominance of the radial direction. Therefore, the effec-
tive two-dimensional theory (2.18) derived from the near-
horizon approximation well conforms to this point. Namely,
the behavior of the entanglement entropy for Kerr—-Neman
black holes is described by this theory (2.18) equivalently in
the near-horizon region. On the other hand, we assume that
the radiation region is described by conformal fields with the
central charge c. To disregard the back-reaction of Hawking
radiation on spacetime, we further assume that black holes
are semi-classical, i.e., the relationship between the mass M
and the central charge satisfies: | K ¢ K M ~ G]_N Under
these assumptions, the dynamics of radiation region are sub-
ject to the CFT». Finally, by neglecting the gray-body fac-
tor of Hawking radiation, the entanglement entropy in four-
dimensional Kerr—Newman spacetime can be approximately
obtained by CFT,.

3.1 Entanglement entropy without island

We now assume that black holes formed by the pure state and
calculate the entanglement entropy. The Penrose diagram is
shown in Fig. 2. We first consider the construction without
entanglement island. In this case, only the radiation are left
in the whole spacetime. We denote the boundary point for

NN~~~

)
)
)
/
/
/

\ Island ~

)
)
/
/
/
’

Fig. 2 The Penrose diagram for non-extremal Kerr—Newman black
holes by considering the entanglement island. The blue line represents
the region of radiation where the Hawking radiation is collected by the
asymptotical observer. The red line represents the region of island. The
points a4 /by are denoted by endpoints of island/radiation

NN N

radiation are b. The coordinate for b is (z,r) = (¢, rp),
and for b_ is (t,r) = (—tp + % rp), Where § = % is the
inverse temperature (2.5).

In the absent of island, we need to calculate the interval of
radiation (—oo, b_) U (b4, 00). Based on the complemen-
tary of entanglement entropy. The entropy in this interval
equals to the complementary interval (b_, by). Therefore,
the entanglement entropy for a single interval in CFT; is
determined by the logarithmic law [114]

C
Scrr(R) = 3 log L(b_, by)

o |veo—ven][ven -veo)]
=3log 2 )2y '

3.1

We substitute the related expression (2.22) and the coordinate
of (b_, by), yield to
4
g & coshz(/ctb).
K

Scrr(R) = %10 (3.2)

Evidently, the expression without island as a function of time
tp. At late times, the above expression is approximated as

Sﬁo-island — SCFT ( R)

2 2\2
o [4<rh — =)0 4 e ezK,b]
6 (F +a)(ry —r-)?
2c
~ ?nTth. 3.3)

Therefore, the entanglement entropy without entangle-
ment island increases linearly with time 75, which will even-
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tually exceed the entropy bound [4] and cause information
loss. For an eternal black hole, its entanglement entropy is
limited to at most twice of the Bekenstein—Hawking entropy.
But the result (3.3) demonstrates that entropy without island
is infinite at late times. The paradox is sharpened here. In the
next subsection, we recalculate the entanglement entropy by
taking into account the island. It will result in the expected
unitary Page curve for non-extremal Kerr—Newman black
holes.

3.2 Entanglement entropy with island

Now, we consider that a single island is contained in Kerr—
Newman spacetime. As shown in Fig. 2. We set the coor-
dinates of the island region (a—, ay) are (t4, ry) for a— and
(—t, + %, rq) for a;. According to the island formula (1.1),
the contribution of entanglement entropy to the matter part
originates from the union / U R, which is given by [114]

Scrr(RUT)
c I L(ay,a_)L(b+,b_)L(ay,by)L(a—,b_)
=-1lo .
6 % L(ar,b)L(a_, by)
(3.4)
Then the first area term is written as Aﬂ%(f:” = 471(r3 +a?)

(2.6). Correspondingly, the generalized entropy is read off

Area(dl)
4G N
27r(r§ + az)

= 761\/

4 16/ (ra) f (rp)

Sgen =2

+ ScrT(RUI)

cosh? (Ktgq) cosh? (k tb)]

n c cosh[k (ry(rg) — r«(rp))] — coshlk (ty — t)]
3% [ coshlkc (r+ (ra) — ra(rp))] + coshl (a + 1)1 |

(3.5)

Here we substitute the expressions (2.22) and (2.23) into the
above equation to simplify. The next step is to extremize the
generalized entropy and find the location of island. However,
prior to proceeding further, it is essential for us to study the
generalized entropy in the early stage.

At early times, we assume that the time #, and #; are small
enough: 7, >~ 1, < krp. So the entropy (3.5) behaves as

27r(r§ + az) c
G—N + 5 log
[16f(ra)f(rb)
x 2
K

Sgen(early) >~
cosh? (kt,) cosh? (k t;,)i| . (3.6)

By extremizing the above expression with respect to the time
t, and the position r,, we consequently obtain

0 cK
gSgen(early) = 3 tanh(xt,) = 0, (3.7a)
a
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0 drr,
BTSgen(earIY) = Gn
a
c a2(2ra —rp —r)Hrg(rg(ry +r-) — 2rpr) —0
6 72 + @) ra =) — ) o
(3.7b)

Atthe leading order & (G;,l), we find the coordinates of QES
at early times is

G _ M
ta=0, Fg = ¢ Nr++r = ¢ £27
24GN rar_ 12ma? 7P

(3.8)

where £, = /Gy is denoted as the four-dimensional Planck
length. Our calculation should exclude the physics at the
Planck scale. Therefore, indeed, the island is nonexistent at
early times. The entanglement entropy is only determined by
the radiation (3.3). Namely, the construction without island
always lead to information paradox.

Next, we turn our attention to the later stage of evapo-
ration. The island that emerges at late times constitute the
necessary and sufficient condition for the existence of Page
curves. At late times, the time scales 7, and #;, are big enough:
ta, b > «rp. Due to the fact that the distance between the
left wedge R_ and the right wedge R4 becomes significantly
large at this moment. The following approximation can be
obtained

L(ay,a-) >~ L(by,b_) >~ L(ay,b-)
~ L(a—,by) > L(a+, byt). 3.9)

Under this approximation, the generalized entropy (3.5) is
reduced to

2 2
Sgenlate) = Z2a ) L €0 [M

GN 6 K4

2
(cosh (K(r*(ra) — r*(’”b))) — cosh ("(ta - tb))) :|
(3.10)

Similarly, extremizing this expression with respect to time 7,
first

el
5 S gen (late)
a

< k sinh[k (t, — 1p)] _0
3 cosh[k (r*(ra) - r,,(rb))] —cosh[k(ty — 1p)]
(3.11)

By solving this equation, we find that #, = 7. Invoking the
relation 7, = t, = t into the expression (3.10) and extremize
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it with respect to r,
Trg

ol 4
ESgen (late) = GN

c a2(2ra —rp —1=) Frg(rg(re +r-) —2rpr-)

6 (r24+a>)(rg —r)(ra —r-)
k(g +a?) 0+ ):0

3(rg —re)(rg —r-) efr —1 '

(3.12)

where x = r,(rp) — r«(ry). Subsequently, we take the near-
horizon limit: a >~ r4, yield to

fr) = flr)(r —ry) + Ol(r — r)?]
=2i(r —r4) + O[(r_r)?.
dr 1 |r —ry|
~ —log ——.
fr) 2 ry

(3.13a)

(3.13b)

re(r) =

Substituting these relations into the Eq. (3.12), we obtain the
following equation

a

a_Sgen(late) ~2Amkry(rg —ry) — 2CGNKe7Kr*("b)
Ta

> —ry(ry —2r-)

(@ +r})?

(ra —r+)cGy =0. (3.14)

At last, the location of island is obtained by solving this
equation

22 —rprg—r-)
ccG rp—r— — 35—
CRleR S ves e ot GO
T2y Th — 7T
o b (3.15)
¢ 2
~ry+ ——=4,.
T 14423

We find that the distance at which the boundary of island
extends beyond the event horizon is limited to the Planck
scale, which conforms the near-horizon approximation
(3.13a) (3.13b). Correspondingly, the entanglement entropy
of radiation after considering the contribution of island is

. 27(r2 +a?) ¢
Slsland ~ + +=1o

R Gn 6 g

y |:4C2G12V(rh —r)(rp —r-) (@ + ri):|
9n2ri(r+ —r_)3(a? + rbz)
=2SgH + O(cGy).

(3.16)

Namely, the entanglement entropy is dominated by the area
term Ar%(ﬁ” at late times, which is consistent with the
Bekenstein—Hawking entropy bound. The remaining sub-
leading term arise from the contribution of the matter field
and can be neglected compared to the leading term. There-
fore, entropy with entanglement island eventually asymp-
totes to twice the Bekenstein—Hawking entropy of an eter-

nal Kerr—Newman black hole. Combing the prior findings

Sgen
skt s’

P 7

tPage

Fig. 3 The time evolution of entanglement entropy of non-extremal
eternal Kerr—Newman black holes. The red line represents the entropy
without island. While the blue line represents the entropy with a single
island. The Page curve is represented by the solid line

without entanglement island (3.3), we summarize the behav-
ior of entanglement entropy: In the early stage, the entropy
increases approximately in a linear manner. In the later
stage, the growth of entropy cease. Eventually, the entropy of
Hawking radiation is bounded by the Bekenstein—-Hawking
entropy, which is consistent with the unitarity. Therefore, the
information paradox of non-extremal Kerr—Newman black
holes can be solve by plotting the corresponding Page curve
as shown in Fig. 3.

3.3 Page time and scrambling time

Finally, we provide the Page time and the scrambling time as
by-products of Page curves. The Page time is defined by the
moment when the entanglement entropy reduces maximum.
For an evaporating black hole, its entanglement entropy will
decrease after the Page time. While for an eternal black
hole, the entanglement entropy keeps a saturation value after
this time. We can determine the Page time by comparing
the entropy without island (3.3) and the entropy with island
(3.16):

6 38
Ipage(a, Q) = ;SBH = ESBH

1277 (r2 + a*)?
cGN (ry —12)

2
6 [a2 +(M+yME—a> = Q2)2]
cGnN M2 —q2 — Q2

(3.17)

In particular, for the special case when ¢ = 0 (RN black
holes) and Q = 0 (Kerr black holes), our results are consis-
tent with the previous work [60,61]. This further corroborates
the validity of our calculations. Then we plot the Page time
as a function of the angular momentum a and the charge Q
in Fig. 4.
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Fig. 4 The Page time as a function for the angular momentum «a and the charge Q (in the unit of C%”N ). On the left, the charge Q is fixed; On the
right, the angular momentum « is fixed. Note that in the extremal case, the Page time is divergent

We find that the Page time increases as the angular momen-
tum a increases, but decreases as the charge Q increases.
However, when the charge or the angular momentum reaches
a sufficiently large value, the Kerr—-Newman black holes
becomes extremal. At this stage, the Page time exhibits diver-
gent. A concrete discussion of the extremal case is provided
in the subsequent section.

Further, we discuss the scrambling time. Based on the
Hayden—Preskill experiment, for an observer located out-
side the event horizon, (s)he must wait for the so-called
“scrambling time” to recover the quantum information that
has fallen into the black hole via the emitted Hawking radia-
tion [115]. On the other hand, according to the entanglement
wedge reconstruction proposal [10], the scrambling time cor-
responds to the time when the information reaches the bound-
ary of entanglement islands. Since the entanglement wedge
of black hole interior constitutes a portion of the entangle-
ment wedge associated with external radiation. Thus, at time
11, suppose an observer at the cut-off surface r = rj, transmits
a light signal toward the black hole. Assuming that the infor-
mation carried by this signal can be instantaneously decoded
upon entering black holes. Then the time at which the infor-
mation reaches the island r = r, is denotes as #,. In the null
direction, the geodesic distance between these two events is
written as

v(t1, 1) — v(t2, 1) = [t1 + 1 (rp)] — [t2 + 14 (ra)]. (3.18)

There, the scrambling time is defined by the shortest time
interval At =t — 1

toer = min[At]
= min[(r*(rb) —ru(ra)) — (v(t1, rp) — v(12, Va))]
(3.19)

= ru(rp) — rs(ra),

We take the location of island (3.15) into the expression and
obtain
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a?+r2 [ 14472 (rp — r) (r2 + a2)2:|

tser(a, =
ser(a, Q) 204 —r_) og CZG%V(rb —r_)
L 1 g | 1270 =)
= g loeSert o0 IOg[ c(rp —r-) ]
[(M Yy - Q2)2 2] (3.20)

2 M2 _ a2 _ QZ
n[a2+(M+ M? —a? — Q2)2]
log Gy .

At the leading order, the result % log Spy is agree with the
Hayden—Preskill experiment [116, 117]. The scrambling time
is logarithmically less the the Page time (3.17). Therefore, it
can be neglected throughout the whole evaporating lifetime.
Similarly, for the special cases a = 0 and Q = 0, the above
results is also consistent with pervious studies [60,61]. We
also plot the function of the scrambling time as the function
of Q and a in Fig. 5. The behavior of scrambling time exhibits
similarities to that of the Page time. It increases as the angular
momentum rises and decreases as charges increases. In the
same way, the scrambling time also becomes divergent in the
extremal case. We leave this point for discussion in the next
section.

4 Near horizon of near extremal black holes

Up to now, we have reproduce the Page curve for the non-
extremal Kerr—Newman black hole and obtain the Page time
(3.17) and the scrambling time (3.20). However, it is evi-
dent from Figs. 4 and 5 that when the charges or angular
momentum is large to render the black hole becomes near
extremal, the corresponding physical quantities are diver-
gent and ill-defined. Due to the fact that the distinct space-
time structures of extremal black holes and non-extremal
black holes, there exist fundamental differences between the
two types [118]. Furthermore, For a near extremal black at
low or vanishing temperature, a serious problem exists: The
internal energy E increases quadratically from the extremal
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Fig. 5 The scrambling time as a function for the angular momentum a and the charge Q. Here we set Gy = 1. a The charge is fixed. b The

angular momentum is fixed. ¢ Is the zoomed plot of b

2
TH

Mgap
mass gap of order Mgy, in the microscopic spectrum. Con-

sequently, it is expected that a near extremal black hole at
temperatures below this gap scale cannot emit the Hawking
quantum in the canonical ensemble, where the charges are
fixed [119]. Therefore, in this section, we focus on the near
extremal case and carefully investigate the behavior of entan-
glement entropy in this scenario. Finally, we provide the pre-
cise expressions of entropy, Page time and scrambling time
in the near extremal case.

Firstly, we consider the case of near extremal black holes.
Then the corresponding results for extremal cases can be
derived by the limiting analysis. Note that the island is actu-
ally located in close proximity to the horizon (3.15). There-
fore, we are interested in the near-horizon Kerr—Newman
geometry. In this situation, these exists a significant corre-
spondence, which is called the Kerr/CFT correspondence
[120]. This conjecture suggests that under specific bound-
ary conditions, quantum gravity theory in the near-horizon
near extremal Kerr geometry is dual to a two-dimensional
chiral CFT. This originated from the investigation of asymp-
totic symmetry groups in the near-horizon geometry of near
extremal Kerr black holes. By imposing a definite boundary
condition on the asymptotic behavior of the metric, the U (1)1,
symmetry of the SL(2, R)g x U (1) isometry group in the
geometry is enhanced to the Virasoro algebra. For further
support regarding this field, one can refer to [121,122]. In
this context, the near-horizon near extremal Kerr black hole
closely resemble that of a non-extremal warped AdS3. Cor-
respondingly, due to the presence of the warp AdS3 structure
in the near-horizon region of near extremal Kerr—Newmann
black holes, the information encoded in its dual CFT can
be easily accessed. One can still acquire the entanglement
entropy in CFT, precisely. In addition, the logarithmic law
(3.1) is not applicable when the observer at the near-horizon
region. Instead, the entropy follows an area law [114]

Area(r)
C—H——7>
L%(a, b)

value, namely, E ~ . This suggests the presence of a

ScrT(RUT) = —y 4.1

where y is a constant. Back to the gravitational region, we
start from the near extremal Kerr—-Newman black hole. In

order to derive the near horizon geometry for this case, we
first consider the following co-rotating coordinate with the
angular velocity £2y at the horizon

- a .

S+ —-—17F, 4.2
¢ ¢ 3 + a2 @2)
where rg = r+ = M = \/a? + Q2 represents the radius

of event horizon for the extremal Kerr—Newman black holes.
After here, we use the subscript O to represent various param-
eters in extremal cases. Then we take the near-horizon and
near extremal limit with the ¢ — 0 as follows

2 2
rogt+a.

B
t— t, M0—>r0+622—.

ro

r— ro+e€r, “4.3)

€

Here the parameter B = “57= is fixed. Finally, the near-

horizon geometry can obtained by this scaling limit [122,
123]

dF y
~2 ~2 2\ 372 2
ds —F(G)[—(r — B)dt —l—m‘l‘d@ :|
+A0)(dp + brdi>), (4.4)
with
2 2N ain’
0
r®) =2 +acos?6, A®) = m
ry +a®cos? 6
2arg
b=—5—"5. 4.5)
g +a

Without loss of generality, we set & = 0 to simplify. Then
) =r? +a? A(0) = 0. The warped AdS3 metric (4.4)
becomes

ds*| =T - @ - BHdi* + _dr
0=0 7? — B?

- (rg + a)di?

= —(r(% +a2)(r2 — Bz)dl:2 + (;27

(4.6)

The above spacetime (4.6) contains a warped AdS3 struc-
ture, which allows a dual CFT to describe the near extremal
Kerr Newman black at near-horizon region. The structure of
spacetime is illustrated in Fig. 6.
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asymptotically flat spacetime

near horizon region

horizon

Fig. 6 The sketch of the spatial slice of the near extremal Kerr—
Newman black hole. At low enough temperature, the near-horizon
region is well approximated by the metric (4.4). While far away the
horizon, this approximation is invalid and the metric becomes to the
asymptotically flat Kerr—-Newman geometry

On the other hand, for near extremal black holes, cor-
rections to their thermodynamics at low temperature consti-
tute another significant study [124]. At the low-temperature
limit, the entropy correction of near extremal black holes
primarily arises from two sources: At the classical level, this
manifests as a linear temperature correction term. An addi-
tional quantum correction arises from the zero mode contri-
bution associated with the one-loop determinant. The zero
mode here is associated with large diffeomorphisms that
preserve the asymptotic structure near AdS;. Up to now,
two distinct zero modes have been identified. One linked
to the Schwarzian dynamics characterizing the asymptotic
region of AdS», and the other corresponding to fluctuations
in the angular velocity of black holes [125]. This relation-
ship can be understood through the dimensional reduction
on a deformed two-sphere. The first mode arises from the
gravitational fluctuation in AdS;, while the second consti-
tutes the zero mode of the U (1) Maxwell field that originate
from the four-dimensional gauge field after the dimensional
reduction. These findings have significantly influenced the
analysis of semi-classical corrections to the thermodynam-
ics of Kerr—Newman black holes. After considering of these
two aspects, the near extremal entropy is obtained in the
canonical ensemble at fixed angular momentum as follows
[126]

- - T
SH(TH) = So + a1 log So + az log A,

7, 4.7)

where Sp = %is the extremal entropy, the coefficient a;

and a is constants of order (1), Ty = % is the effective
temperature at low temperature limit, and 7, is denoted a
emergent scale in the IR comes from the Schwarzian dynam-
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ics. Atthis scale, the excitation energy of the black hole above
extremality is comparable to the average energy of Hawking
radiation [127]

T

T, = ——.
7 Gy MySy

(4.8)
It is also noteworthy that as the parameter B approaches 0,
all physical quantities converge to those corresponding to the
extremal case. Thus the parameter B serves as a measure of
deviation from the extremal case. Thus we will subsequently
take the limit of B — 0 to derive the corresponding results
in the extremal case.

Now we reevaluate the entanglement entropy in spacetime
(4.6) to capture a more comprehensive understanding for near
extremal black holes. The Kruskal transformation (2.20) is
still allowed.! After the conformal map, the above metric

(4.6) is converted as follows
ds* = —Q272(r)dUdV, (4.9)

with the new conformal factor and the new tortoise coordinate

<5 B2e2Br ) 1.  7-B
820 = R = — log .
D=F s "V % s
(4.10)

now we reevaluate the entanglement entropy in space-
time (4.9) to capture a more comprehensive understanding for
extremal black holes. We also assume that the near extremal
black hole is in a pure state at the initial time #y) = 0. For
the no-island configuration, the entanglement entropy dom-
inated only by the radiation R, which is still bounded by b..
We still need to use (3.1) to calculate the entropy due to the
fact that the QES at this construction (r, = 0) is far from
the near-horizon region. Then, similar to (3.3), the entropy
is expressed as

Spestand — Seprp(R) = glog[L(bJr, b)]

20

~ ? Tytp.
So we still maintain the entropy without island increases lin-
early with time even in the near extremal case. Moreover, we
find that in the extremal limit (B — 0), this entropy becomes
to zero.

We now consider the island configuration. We anticipate
that the entanglement entropy of extremal Kerr—Newman
black holes can retain bounded at a finite value by the island
formula. After the Page time, an island region / is introduced,
and its boundary is also denoted as a. Fortunately, based
on the symmetry of the spacetime, we can investigate the

4.11)

! For the near extremal case, note that the surface gravity k = B =
% in the Kruskal coordinate (2.20) can not directly derived from

the original expression (2.4).
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complementary region (ay, b1 ), which contains no singu-
larity [63,64]. Accordingly, the geodesic distance L(a, b4.)
is well defined and yields the correct entanglement entropy.

Here we now provide the explicit calculation. Accord-
ingly, the generalized entropy approximates to

o Ara@D) Area(f,)  2m(72 +a?)
= — — C =
gen 4Gy L%(ay,by) Gy
4ycm7§

T
+ 2a; log(72 + a*) + 2a; log TH

. T, .
temperature correction term log T—" is neglected under the
H

low temperature limit Ty ~ T;;. Compared with the previous
results (3.17), it is observed that, in the case of near extremal
black holes, the Page time is significantly delayed. This sug-

q

K a2 B — B coshlic (o) — )] — coshiie Gy — 71|

4.12)

We first extremize this expression with respect to time 7,
which yields

3 - fa — 1
ﬁSgenocsinh<a b>=o,

a 'n

4.13)

This suggest that 7, = ,. Then substituting the relation into
the expression (4.12) and taking the partial derivative with
respect to 7, at the near-horizon limit: 7, =~ rj, we obtain

a

a7y

47,
GN a2 +7?2

2
2cmig(B — 7p)(B + f},)?,%)/csch [% (i - ;i)]
a -0

dayrg

Sgen =

(a2 + r%)fgfg
(4.14)

By solving this equation in the near-horizon limit, we obtain
the location of the island is

Gn(cm(B —Fy)y — 2r3ay)
2r§(a2 + r&)n '

oo+ (4.15)
Finally, the entanglement entropy with island for extremal
case is given by

2w (73 + a2)

Svisland —
R Gy

+2a; log(7§ +a*) + 6(G ) ~ 28h.
(4.16)

The entanglement entropy in the near extremal case is
approximates to the Bekenstein—-Hawking entropy at the
leading order at late times. Then, we can determine the Page
time for near extremal black hole by (4.11) and (4.16)

N 3§ 3 T,
fPage = ﬂ - _ (So +aylogSy+ O <log 4 )) .
cnTy cnTy Ty

4.17)

~ /
>~ o+ [Page > IPage-

Here # is the Page time without considering logarithmic cor-

rection (3.17) and tl’,age ~ lof% % originates from the logarith-

mic correction to the extremal entropy (4.7). In addition, the

gests that Schwarzian dynamics predominates in the near-
horizon geometry of near extremal black holes and gives rise
to quantum corrections to this result. Meanwhile, the scram-
bling time in near extremal cases can likewise be derived by
the similar calculation

for = Fa () — FaFa) = —— log 2 = B)Fa+ B)
scr * (I * (g 2B g(Fb-l—B)(Fa—B)
1 1 p — 1o
:——flbi’\’ﬁ(GN)>Tscr"’ﬁ(10gGN)~

(4.18)

Ta b rorp

Similar to the Page time at near extremal case (4.17). The
scrambling time at this case is also be delayed compare to the
previous result (3.20). Accordingly, we perform a more rigor-
ous reanalysis of the behavior of Page time and scrambling
time by employing near-horizon analysis of near extremal
Kerr—-Newman black holes, and provide explanations for the
dependencies illustrated in Figs. 4 and 5. In particular, the
entropy is still a finite value (4.16). Therefore, the island can
still yield a finite entropy and ensure the unitary in extremal
cases. This also implies the significance and necessity of the
island paradigm.

5 Kerr Newman-AdS black hole coupled thermal bath

Up to now, we have employed the island formula (1.1) to
reproduce the Page curve of the asymptotically flat four-
dimensional Kerr—-Newman black hole Fig. 3. In particular,
for the near extremal case (4.6), we further investigate this
scenario by considering the Kerr/CFT correspondence [120].
Finally, the explicit expressions for the corrected Page time
(4.17) and the corrected scrambling time (4.18) are derived.
These results further refine the calculation of the Page curve
for Kerr—-Newman black holes in asymptotically flat space-
time.

However, as mentioned in the introduction, the island for-
mula is rigorously derived from the replica wormholes in
the asymptotically AdS spacetime via the Euclidean path
integral [16—18]. In addition, the first successful reproduc-
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tion of the Page curve was achieved in the asymptotic AdS,
Jackiw-Teitelboim black hole coupled to a non-gravitational
thermal bath [8-10,21]. Although in this paper we obtain
unitray results by applying the island formula in the con-
text of asymptotically flat spacetime, caution remains war-
ranted when addressing the black hole information paradox
in asymptotically flat spacetime.

The first issue pertains to the dependence on spacetime. A
significant portion of recent progress has largely focused on
the Euclidean path integral [16—18]. These studies employ
the replica wormholes to compute the entanglement entropy
as a function of Euclidean coordinates. Subsequently, they
analytically continuing the results to real times. These dis-
cussions continue to rely significantly on the AdS/CFT dual-
ity or related theoretical frameworks. Even in the analysis
of asymptotically flat spacetime presented in [23-28]. This
dependence persists, as demonstrated by the authors through
an analogy with the AdS/CFT correspondence. However,
this reliance on AdS/CFT correspondence gives rise to a
important issue: the physical properties of wormholes lead
to the so-called “factorization problem”, which challenges
the consistent interpretation of AdS/CFT [128]. The rele-
vant paper [129] centers on operationally defined physical
quantities-specifically, the measurement outcomes obtained
by asymptotic observers-and carries out a comprehensive
analysis strictly in the framework of the Lorentzian signa-
ture. This approach does not incorporate extra holographic
(AdS/CFT) assumptions or presuppose inputs related to
ultraviolet aspects of quantum gravity. Although the final
result remains consistent with the unitary property of black
hole evolution. However, the validity of this theory remains
to be further evaluated. Consequently, one still needs to be
cautious when dealing with the Page curve in asymptotically
flat spacetime.

Another serious challenge is the massive gravity resulting
from the entanglement island. Note that in the asymptotically
flat spacetime with massless gravitons, long-range gravity
and non-locality of the operator algebra associated with the
entanglement wedge of island leads to inconsistency even in
asymptotically flat spacetime coupled to a non-gravitational
bath [130]. Therefore, caution must be exercised when using
the island formula in such cases. Recently, issues pertaining
to this point have generated considerable discussions. Ref-
erence [131] elucidates the emergence of entangled islands
in the context of massless gravitons in systems without the
auxiliary bath, and presents several specific examples to illus-
trate this explanation. It is suggested that, in all cases, the
Page curve is physically observable and can be ascertained
through sufficiently precise experiments conducted on multi-
ple copies of the black hole. When the island rule is applied,
these findings (combined with entanglement wedge recon-
struction) demonstrate that semi-classical operators in the
island region can be effectively approximated by nonpertur-
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bative operators acting on the Hawking radiation [131]. How-
ever, there are also some counterarguments. As mentioned in
[132], the existing structure of entanglement islands (at least
in the study of black hole physics) are all be established in
the massive gravity. Indeed, reference [132] indicates that
the mass of gravitons is not accidental but constitutes a nec-
essary condition for the consistency of the holographic inter-
pretation of entangled islands. An important insight from
these studies is that the mass of the graviton reflects a pro-
found connection between quantum entanglement and emer-
gent spacetime geometry, as encapsulated by the “EPR=ER”
conjecture [133]. Nevertheless, several intriguing questions
and objections have been raised concerning the physical rel-
evance of this relationship. The reference [132] asserts that
either the definition of entangled islands should be revised,
or the notion of a physically meaningful mass of graviton
should be rejected.

Therefore, the scope of applicability of the island formula
remains an open question that needs further investigation.
Discussion on this aspect is beyond the scope of this paper. To
further substantiate the calculations presented in our paper,
we provide a detailed analysis of entangled islands in the Kerr
Newman anti-de Sitter (KN-AdS) spacetime. These results
offer valuable insights that may inform and guide future
investigations in this field.

The Penrose diagram of KN-AdS coupled the auxiliary
non-gravitational bath is drawn in Fig. 7 below. Different
from the case of the asymptotical flat spacetime as shown in
Fig. 2. The boundary located at infinity reflects the Hawking
radiation emitted from the black hole. To cause black holes
in the bulk to evaporate, we couple a non-gravitational ther-
mal bath at the asymptotic boundary and impose transparent
boundary conditions there. This setup ensures that the whole
spacetime still approximates the situation in asymptotically
flat spacetime. Consequently, the Hawking radiation can tra-
verse the boundary and enter the bath region, and can be
collected by the asymptotic observer.

Now we can calculate the entanglement entropy by the
island formula in KN-AdS spacetime. The bulk metric is
written as

A asin? 6 2 p2 ,02
2 r 2 2

k) =——2(dr— L L
ds“ (bulk) p2 (dt 5 d¢> + Ardr + A0d9

A 2 2 2
+p—29 sin29<adt— T ;“ d¢> , (5.1)
where
2
2 2 r 2
Ar=(r +a)(1+£—2)—2mr+q : (5-22)
a2

Ag=1-— 2 cos 20, (5.2b)
,o2 =2 4+ a?%cos? 0, (5.20)
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N Ta = 5 5 , (5.7a)
70N 7 |~ 4 (r + +a)
// \\ Island // \\ A T[(r_%_%—az)
’ -~ T e N SBH = ——~——, (5.7b)
7 _ a_ N_ 7 ay - YGpn
an 28 L Pop— (5.7¢)
N ’ ==, Jc
N E)ath , 7/ AN N bat}/l y H ri + a?
N 7 N ’
7 A
M N For simplicity, we follow the logic of the Sect. 4. We still
N ’ consider the near extremal black hole and consider the near
AN .7 horizon geometry.? Similar to the Kerr Newman black hole
L7 (4.3), we take the following coordinate transformation [134]
v -~
bulk AdS ~ -AdS boundary i+ 1 . 70
r = ———+e€ror, r4 — I = A€TY, t=1t—,

Fig. 7 The Penrose diagram of KN-AdS spacetime in thermal equilib-
rium with the bath. The black region tepresents the KN-AdS spacetime
where the gravitational coupling is strong. While the purple region rep-
resents the auxiliary flat spacetime. The whole spacetime approximates
an asymptotically flat black hole spacetime. The boundaries of radiation
are labeled as b4, and the boundaries of islands are a+

2

a
T=1-o5

(5.2d)
Here ¢ is related to the renormalized cosmological constant

= —1/¢%. When 1/¢2 = 0, the bulk metric (5.1) reduces
the Kerr Newman metric (2.1). The parameter m, g is related
to the physical mass M, angular momentum J and charges
Q of black hole

m ma q
M = —, J = —, = —, 5.3
52 >3 Q > (5.3)
The gauge potential is
qr asin® 6
A= ——2(dt — —dgb), 54
0 )
and the field strength is
1 2 2.2
F =——lq(r” —a”cos”0) + 2qracos 6]
o
2
0
(dt _! Sl; d¢> Adr. (5.5)

The bath region is nothing but the Minkowski spacetime
ds?(bath) = —dt® + dr?. (5.6)

In addition, the Hawking temperature, Bekenstein—Hawking
entropy and angular velocity of the event horizon are respec-

2 €

n Ne
¢=¢+.{2Ht:0, (5.8)
where
2 2
a 6ry
k=1+£—2+£—2, (5.9a)
1 2 2 Sri azr_%_
r*—r+—m<r+ +E_2 ez (59b)

Then the bulk metric can be reduce to a simple form, i.e.,
we can obtain the near horizon geometry of near extremal
KN-AdS spacetime [135]

ds? = F(e)( - (f - %) (f + %)dfz

di?

+A0)(d¢ + pdi)>,

+ + a(e)d92>

(5.10)

where A is defined by (5.8). The parameters are defined by

2.2 2 2
T ry +a
re) =40 a@)="*"1
ry+a Agro
Ag sin? 0(r2 + a?)?
A@l) = =2 2(+2 L (5.112)
P
2 2 2
. argX(r4 +ry) 5 2 ) , rita
= ————, pLl=ri+a“cos?0, rjy=——
p (r3_+a2)2 + + 0 k
(5.11b)

2 The main purpose of our calculations in this section is to comple-
ment the analysis of the AdS spacetime scenario. For convenience,
we consider the near extremal near horizon geometry, which markedly
simplifies the mathematical treatment while preserving the underlying
physical significance.
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At last, at the & = 0 hypersurface, we obtain the co-
dimension two geometry:

A2
AR D )
(5.12)

Similar (4.6), this metric is also contains the warp AdSs.

In the end, we calculate the entanglement entropy under
this metric (5.12) as the material. Similarly, by the Kruskal
coordinate transformation (2.20), the metric can be extended

to a conformal flat form
ds> = —Q272(F)dudv, (5.13)

with the conformal factor and the tortoise coordinate

. A2et 1 F=%
P =——" A =-1o 2. (5.14)

2,72 A2 N g A A

dro(re — % F+5

In the configuration without island, the entropy is domi-
nated by the radiation (see Fig. 7). Similar the calculation in
(4.11), we have

. 2¢
S}leo—lsland(AdS) _ glog[L(b_’_7 b )]~ ?CTth. (5.15)

Then, for the island configuration, the generalized entropy is

Area(d1l) Area(rp)
—2yc
4GN L2(a+, b+)
_ 2l +a?)

Sgen(AdS) = 2

~2
dycmr;

At last, the entanglement entropy with island in KN-AdS

metric is

27 (7 + a?)
YGn

Therefore, for the KN-AdS metric (5.12), we still obtain the
unitary result by considering the island (5.19).

S}sland(AdS) ~ + O(GN) >~ 2>§BH- (5.20)

6 Discussion and conclusion

In summary, we study the information paradox in the four-
dimensional Kerr—Newman spacetime. Due to the fact that
the Kerr—Newman black hole represents a non-spherically
symmetric higher dimensional spacetime (2.1), we initially
prove that the quantum field in this spacetime can be equiv-
alently described by an effective two-dimensional theory
(2.18) in the near-horizon region. Then the entanglement
entropy can be well approximated by CFT; in this frame-
work. According to the island paradigm, the fine-grained
entropy of Hawking radiation corresponds to the minimum
value among the extremal values of the generalized entropy.
We first concentrate on the non-extremal black hole. At early
times, black holes have just formed, no island structures
are present (3.8). This leads to the entanglement entropy
is contributed by the radiation region and increases lin-

(5.16)

2Gy

1y G2 = 52 — 5[ coshlie Ry o) — 7u(F5))] — coshle (G, — )]

Extremizing the equation with respect to time 7, , we obtain

0 . fa - fb
gSgen(AdS) o sinh =0, (5.17)
a

T'n
which implies that 7, = 7. Then we invoke this relation to
the generalized entropy and extremize it by the near-horizon
approximation,

d 4r7
_ASgen(AdS) = Tl
ary YGy
2
ZCnfa(% — fb)(% + #p)FZycsch [% (% - %)]
N 22373 =0
"oTals

(5.18)

We solve this equation and eventually obtain the location of
island is

Gnyer (5 —Fp)

INYerty T ) (5.19)
23 (a® + r)m

Fa 10+
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early with time (3.3), which sharpen the information para-
dox. By introducing the entanglement island at late times,
the entanglement entropy is eventually dominated by the
area term and gradually reaches the saturated Bekenstein—
Hawking entropy (3.16). Based on these findings, we suc-
cessfully reproduce the Page curve in Fig. 3 and accurately
determine both the Page time (3.17) and the scrambling time
(3.20). We also investigate the impact of the charge Q and
the angular momentum a on these physical quantities (Figs.
4 and 5). When the charge Q is fixed, both the Page time
and the scrambling time increases as the angular momen-
tum increases. Conversely, when the angular momentum a is
fixed, both the Page time and the scrambling time decreases
as the charge inverses. In particular, for the critical cases
when a = 0 (RN black holes) and Q = 0 (Kerr black holes),
our results are consistent with [60,61]. However, when the
black hole reaches the near extremal case, both the Page time
and the scrambling time are approaching divergent. There-
fore, we further investigate the situation of near extremal
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Kerr—Newman black holes. According to the Kerr/CFT cor-
respondence [120], the geometry of the near extremal Kerr—
Newman black hole in the near-horizon limit is equivalent
to a warped AdS3; (4.4). Then we can still correctly eval-
uate the entropy to adapt the CFT, in the background for
fixed 6 (4.6). Furthermore, in the framework of this near
extremal near-horizon geometry, the region incorporates an
AdS, component characterized by enhanced SL(2, R) sym-
metry. This structure accommodates a set of zero modes
associated with large diffeomorphisms and gauge transfor-
mations, giving rise to strong coupling effects that modify
the partition function by one-loop effects [124,125]. So the
thermodynamic quantities with logarithmic correction are
obtained (4.7) (4.8). The we reevaluate the entanglement
entropy under these corrections. Similar to the non-extremal
case, in the configuration without island, the entanglement
entropy still grow linearly with time even in the extremal
case (4.11). Subsequent, by taking account of islands, we
conclude that the entanglement entropy is still bounded by
the Bekenstein—-Hawking entropy by the island formula even
in the extremal case with vanishing temperature (4.16). Sig-
nificantly, we also find that both the Page time (4.17) and
the scrambling time (4.18) for near extremal black holes are
delayed. This suggests that the near extremal limit not only
corresponds to the geometric formation of AdS; in the near-
horizon region of the Kerr—Newman black hole, but also
signifies the domain dominated by Schwarzian dynamics,
reflecting the quantum fluctuation of the gravitational system.
These conclusions aligns with the principle that the entan-
glement entropy of a finite system remains finite, which also
implies the validity of the island formula. In addition, we
present a comprehensive discussion of the scope of appli-
cability of the island formula. Although the island prescrip-
tion has been applied to asymptotically flat spacetimes, its
original derivation is firmly grounded in asymptotically AdS
spacetimes with specific boundary conditions [16-18]. To
ensure conceptual and technical rigor, we independently red-
erive the island construction in the KN—AdS spacetime given
in (5.1). Within this framework, the evolution of the entangle-
ment entropy is found to remain unitary, as shown in (5.20).
These findings may serve as a reference for future studies
in this field. Therefore, Our study broadens the application
scope of the island formula and offers a systematic calcula-
tion method of the Page curve in the most general stationary
spacetime. This work holds great potential value for future
studies.

For the future research, a nice motivation is to study
the evolution of entanglement entropy of evaporating Kerr—
Newman black holes. It is anticipated that the emergence
of islands will lead to the entropy drops to zero at the end
of evaporation. Another interesting aspect to explore is the
comtribution of superradiance to the Page curve. The super-
radiance of BTZ black holes has been studied previously

in [79]. We intend to consider the superradiance into our
analysis to further study the effects of charges and angular
momentum on the Page curve. The final and most signifi-
cant point concerns the issue of gravitons acquiring mass as
implied by the island formula [130-132]. Currently, there is
no consensus on this question, and it remains a key focus for
future research in this field.
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