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Abstract We investigate a quantum cosmological model
within the framework of Einstein–Aether gravity. The model
consists of a positively curved FLRW Universe whose mat-
ter content is described by a radiation fluid, in the presence
of a positive cosmological constant �. We first perform a
classical Hamiltonian analysis, constructing the phase space
and deriving the dynamics of the scale factor. Notably, we
identify specific initial conditions that lead to an inflationary
expansion. Subsequently, we quantize the model following
Dirac’s formalism, obtaining the Wheeler-DeWitt equation
for the wave function of the Universe. We solve this equation
numerically and compare our results to those of the WKB
approximation, computing quantum tunneling probabilities
and the expectation value of the scale factor, along with its
standard deviation. Finally, we analyze how these tunneling
probabilities are influenced by variations in the fundamental
parameters of the theory (�, σ , β) and the energy of the fluid
E . Our results indicate a higher probability for the quantum
birth of the Universe in a parameter regime characterized by
larger values of �, σ , and fluid energy E , together with a
smaller value of β.

1 Introduction

General Relativity states that our Universe starts in the event
calledBig Bang. The existence of this initial singularity leads
to fundamental inconsistencies in the portrayal of the first
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moments of the Universe, because General Relativity loses
its predictive powers at that specific event. A quantum theory
of gravity is necessary to understand them. Quantum Cos-
mology emerges in this scenario to describe the Universe as
a whole through quantum theory. It aims mainly at issues like
the initial singularity or spacetime initial conditions [1–3].

The Arnowitt, Deser and Misner(ADM) formalism
brought an important geometrical interpretation for the
Hamiltonian formulation of General Relativity [4] by describ-
ing the Universe dynamics as the time evolution of the
induced metric over a 3-dimensional hypersurface immersed
in the 4-dimensional spacetime. The quantization of Gen-
eral Relativity using Dirac’s formalism leads to the Wheeler-
DeWitt equation [5,6], which governs the wave function
of the Universe, which is treated as a quantum system the
dynamical variables of which are associated to the geome-
try of spacetime [5,7]. It comes as an attempt to get rid of
the singularities found in General Relativity’s cosmological
solutions [8] using the quantum tunneling as central mech-
anism known as the spontaneous creation of the Universe
from nothing [9], stating that the birth of the early Universe
depends only on the quantum nature of the theory. Quantum
Cosmology also brings some tools to study the early Universe
through toy models.

Besides the quantum tunneling approach, other scenarios
such as cosmic bounce models [10] have also been investi-
gated as alternatives to avoid the initial singularity. In addi-
tion, the inflationary phase of the Universe has been exten-
sively studied in the context of modified gravity theories,
such as f (R) gravity [11], where the aim is to achieve con-
sistency with the latest data from the Atacama Cosmology
Telescope (ACT) and the Planck mission. Integrable cos-
mological models, often associated with Painlevé equations,
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also offer valuable insights into the nature of dark energy
[12], complementing the phenomenological analysis of the-
ories such as Einstein–Aether.

The probability of Lorentz symmetry breaking at certain
energy scales [13] has awoken some interest in gravitational
theories incorporating this phenomenon, such as Einstein–
Aether (EA) theory [14,15]. This theory consists in a change
in General Relativity where one inserts a unitary timelike
vector field ua which sets a locally preferred reference frame
at each point of spacetime. Lorentz symmetry breaking also
implies possible reconsiderations of several subjects such as
dark matter and dark energy, cosmic microwave background
and cosmic inflation [16–18].

In this context, other modified gravity theories have been
explored to explain late-time cosmic acceleration, such as
f (T, Lm) gravity [19], f (R) gravity [11], f (R, �, T ) grav-
ity [20], f (Q) gravity [10], and F(T, TG) gravity [21]. These
models often seek to provide a unified description of cos-
mic evolution without resorting to a cosmological constant.
Rigorous observational constraints on these models, using
data from supernovae, baryon acoustic oscillations, and the
cosmic microwave background (CMB), have been obtained
through techniques such as Hubble parameter reconstruction
[22], which has become an essential tool for validating these
alternative theories.

The main motivation behind the choice of EA theory is
the abundance of recent works based on this theory. Using
data from the Event Horizon Telescope (EHT), researchers
were able to find a black hole solution using EA gravity that
agrees with the shadow size of the EHT M87* [23] within
certain ranges for the parameters of the model. Bairagi [24]
constructs a cosmological model within the framework of
EA gravity, incorporating a non-canonical scalar field as
dark energy. The model’s viability is assessed by compar-
ing its predictions against Type Ia supernovae data from
the Union2.1, JLA, and Pantheon compilations. The anal-
ysis demonstrates that the model provides a good fit to the
observational data and successfully accounts for the Uni-
verse’s accelerated expansion. By analyzing the electrody-
namics and plasma magnetosphere of a magnetized neutron
star, Bokhari et al. [25] derived novel observational con-
straints on the parameter space of EA theory. Their work,
which incorporates both vacuum and plasma physics, places
stringent upper limits on the theory’s fundamental param-
eters. Adam et al. [26] numerically constructed stationary
and rotating black hole solutions in EA theory, investigat-
ing two phenomenologically viable regions of the parame-
ter space characterized by large coupling constants. Despite
the potential for significant deviations from General Relativ-
ity in those regimes, their central finding is that the rotating

solutions converge remarkably well to the Kerr metric. This
behavior is attributed to the aether field dynamically config-
uring itself into a state that is either nearly torsion-free or
free of both torsion and expansion. Reference [27] investi-
gates axial gravitational perturbations of a uniform-density
star within scalar-EA theory, demonstrating that a nontrivial
scalar profile is unsustainable, as it induces a central diver-
gence upon applying the Israel junction conditions for a min-
imally coupled scalar field. Furthermore, the authors estab-
lish that a stellar radius smaller than the peak of the vacuum
Schwarzschild-type effective potential leads to the forma-
tion of a trapping well, giving rise to an echo phenomenon
in the axial gravitational wave signal. In Reference [28], the
equations of motion for compact binary systems are derived
within EA theory, extending it to the calculation of gravi-
tational radiation reaction effects, and achieving a precision
comparable to the quadrupole approximation in General Rel-
ativity.

Throughout this work, we studied a quantum cosmolog-
ical de-Sitter model described by the FLRW metric whose
matter content is described by a radiation fluid (a perfect fluid
with equation of state p = ωρ, in which ω = 1/3) and dark
energy, represented by the cosmological constant � [29]. The
choice of a positive-valued cosmological constant is largely
supported by the literature [30–33].

This work is structured as follows. Section 2 shows the
classical version of the model. We consider a FLRW isotropic
and homogeneous Universe, and build its Hamiltonian and
the correspoding Hamilton equations of motion in the phase
space. By numerically solving the equation for the scale fac-
tor we find solutions that match the phase space predictions.
We then show how this model can emulate the results of
cosmic inflation. In Sect. 3 we quantize the model follow-
ing Dirac’s formalism. We build the Wheeler-DeWitt equa-
tion for the model and solve it numerically (using the finite-
differences Crank-Nicolson scheme). Subsequently, we com-
pute the expectation value for the scale factor and its related
uncertainty. In Sect. 4 we analyze the behavior of tunneling
probabilities as one varies the theory parameters as well as
the fluid energy, comparing those results with the ones from
the WKB approximation. Section 5 is dedicated to our con-
clusions. Appendix A details how the Hamiltonian of our
model is obtained from the total action. Appendix B exam-
ines the observational constraints on the coupling constants
of the model. Appendix C details the numerical solution of
the Wheeler-DeWitt equation throught the Crank-Nicolson
scheme. Appendix D analyzes the self-adjointness of the
Hamiltonian operator. Finally, appendix E presents the WKB
approximation used for comparisons of the tunneling proba-
bility.
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2 Classical model

2.1 The Einstein–Aether action and minisuperspace
reduction

The total action, which generalizes the Einstein–Hilbert
action and includes the EA action [34] and the matter con-
tent,reads

S = 1

16πG

[∫
M

d4x
√−g

(
R + λ(uμuμ + 1)

−K ρσ
μν ∇ρu

μ∇σu
ν
)]

+
∫
M

d4x
√−g p + 1

8πG

∫
∂M

d3x
√
h habBab, (1)

featuring an explicit unit timelike vector field u, known as the
aether field, which violates the Lorentz symmetry by defining
a preferred direction in spacetime at each point of the domain
M while maintaining the general covariance of the theory.
Here, G is the gravitational constant; g is the determinant the
spacetime metric gμν ; R is the curvature scalar derived from
the latter; λ is a Lagrange multiplier for the normalization
and time-like character on the aether field, i.e., uμuμ = −1.
The tensor Kμν

ρσ contains the coupling constants of the model,

K ρσ
μν = c1 gρσ gμν + c2 δρ

μδσ
ν + c3 δρ

ν δσ
μ + c4 uρuσ gμν,

(2)

in which the dimensionless coefficients ci ’s couple the aether
field to the metric. Moreover, p is the pressure of the perfect
fluid, representing the matter content; h is the determinant
of the induced 3-metric hab on the boundary ∂M of M,
and Bab is the extrinsic curvature. The integral over ∂M is
a surface term and does not affect the equations of motion,
so it will be ignored. In this work, we will use natural units
c = h̄ = 8πG = 1.

The matter content of the model, introduced through
Schutz formalism [35–37], is a perfect isotropic fluid with
equation of state of the form

p = ωρ, (3)

which relates the fluid’s pressure p to the energy density ρ.
The parameter ω determines the type of fluid under consider-
ation; for a radiation fluid, ω = 1/3. Its energy-momentum
tensor reads

Tμν = (ρ + p)UμUν − pgμν, (4)

in which Uμ is the timelike four-velocity of the fluid. In
comoving coordinates, Uμ = δ

μ
0 .

In its turn, a cosmological constant � is equivalent to a
perfect fluid with equation of state (3) and ω = −1.

The classical model is built considering an isotropic and
homogeneous Universe, described by the FLRW metric

ds2 = −N2(t) dt2 + a2(t)

[
dr2

1 − kr2 + r2(dθ2 + sin2 θ dφ2)

]
,

(5)

in which t is the cosmological time, a(t) is the scale factor,
N (t) is the lapse function and the parameter k determines
the curvature of the spatial geometry of the Universe: open
(k = −1), closed (k = 1) or flat (k = 0). In this work, we
assume a positive curvature (k = 1).

By choosing N (t) = a(t) and introducing the conformal
time η so that

dt = a(η) dη, (6)

we obtain the total Hamiltonian

H = p2
a

2m
+ V (a) − pT , (7)

in which pa is the momentum canonically conjugate to the
scale factor a, T is the degree of freedom associated to the
material fluid, and pT its corresponding momentum. For
the derivation of the classical Hamiltonian (7), the reader
is referred to appendix A. The effective potential V (a) reads

V (a) = mω2
ka

2

2
− �a4, (8)

in which the parameters m and ωk are defined as

m = 6(β + 2)

σ
, and ωk =

√
2k

β + 2
, (9)

and β and σ are combinations of the EA coupling constants.
In this work, we let � = 0.05, β = 0.27 and σ = 0.9999,
unless stated otherwise. This choice of values, albeit some-
what arbitrary, must take several constraints of the model into
account. The relations among β, σ and the coupling constants
ci ’s of (2), and the observational constraints upon the ci ’s can
be found in Appendix B. The shape of the potential, for the
aforementioned values of β and σ , is shown in Fig. 1.

2.2 Hamilton equations and the phase space

Hamilton’s equation for the canonical variables (a, pa,
T, pT ) read
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Fig. 1 The effective potential V (a), defined in Eq. (8). Here, we let
β = 0.27,� = 0.05 and σ = 0.9999

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ȧ = ∂H
∂pa

= pa
m ,

ṗa = − ∂H
∂a = −4�a3 − mωka,

Ṫ = ∂(NH)
∂pT

= −1 ,

ṗT = − ∂(NH)
∂T = 0,

(10)

in which the dot represents the derivative with respect to the
conformal time η (and N (a) = a(η)). After manipulating
Hamilton equations (10), one finds a second-order differen-
tial equation for the scale factor,

d2a(η)

dη2 = 4�

m
a(η)3 − ω2

ka(η). (11)

According to the initial conditions that are chosen, four sets
of qualitatively distinct solutions are obtained, corresponding
to four distinct regions of the (a, pa) plane, as shown in
Figs. 2: (I) Big Crunch; (II) expansion; (III) bounce; and (IV)
contraction. Each boundary between two distinct regions,
represented in Fig. 2 as dotted lines, is called a separatrix.
Figure 3 exemplifies the typical behavior of a solution, in
each group. Solving numerically Eq. (11) for a(0) = 0.1
and ȧ(0) = 5.0 yields a Big Crunch solution (region I);
for a(0) = 2.0 and ȧ(0) = 100.0 we obtain an expansive
solution (region II); for a(0) = 20.0 and ȧ(0) = −25.0,
one gets a bouncing solution (region III); and, finally, for
a(0) = 12.0 and ȧ(0) = −250.0 we obtain a contracting
solution (region IV).

2.3 On the inflationary behavior

In the early 80’s the concept of Cosmic Inflation was intro-
duced to explain some disparities between theoretical pre-

Fig. 2 Orbits in the (a, pa) plane of the classical model’s phase space,
divided into four different regions of qualitatively distinct behavior:
(I) Big Crunch; (II) expansion; (III) bounce; and (IV) contraction. The
dotted boundary lines between adjacent regions are called separatrices

dictions and observational data, as well as to clarify some
theoretical problems [38–40]. It essentially states that an
exponential growth occurred in the very early Universe, after
which it continued to expand, but at a slower rate. In 1929,
Edwin Hubble’s observations of the expansion of Universe
led to Hubble’s law: galaxies are moving away from one
another with speed proportional to their distance. Therefore,
we use this piece of information to scrutinize our model,
searching for some configuration that might match the obser-
vational data available: that inflation took place from about
10−36s to 10−32s after the Big Bang, with the exponential
expansion of the Universe by a factor of about 1026. In Fig. 2,
regions II and III correspond to expanding and bouncing solu-
tions, respectively. We then seek for initial conditions in those
regions that might lead to exponential growth of the scale fac-
tor, compatible with known data: a ratio of ∼ 104 between
the final and the initial moments of the inflationary period,
an expansion rate of the scale factor of ∼ 1026, and a number
of e-folds [41]

D = ln

(
a f

ai

)
≈ 60. (12)

Table 1 shows several examples of initial conditions
and corresponding time intervals yielding expansion ratios
∼ 1026. We have expressed our time intervals in terms of the
conformal time η and also the cosmological time t .

2.4 The Hubble parameter

The Hubble parameter [42–44] is defined as a function of
the cosmological time t as

123



Eur. Phys. J. C           (2026) 86:565 Page 5 of ??   565 

Fig. 3 Examples of classical
solutions for the scale factor, in
correspondence to the phase
plane regions shown in Fig. 2: (I)
Big Crunch, (II) expansion, (III)
bounce and (IV) contraction

Table 1 Sets of initial conditions compatible with the order of magnitude of the inflationary expansion ratio and number of e-folds

Initial Conditions a, pa Conformal Time η Cosmological Time t Expansion Ratio a f /ai Number of e-folds

a(0) = 0.09 ηi = 0.01 ti = 0.5743951 1.0096030687003838 × 1026 59.87676967016636

pa(0) = 190.0 η f = 1000 t f = 2.00873

a(0) = 2.0 ηi = 0.001 ti = 0.3548526 5.316494988828418 × 1026 61.53802666738409

pa(0) = 100.0 η f = 100.0 t f = 1.114255

a(0) = 16.0 ηi = 0.001 ti = 0.7773874 8.29144989079858 × 1026 61.98243726805669

pa(0) = −10.0 η f = 100.0 t f = 1.323167

Hb(t) ≡ ȧ(t)

a(t)
. (13)

The deceleration parameter [44], in its turn, as

q(t) ≡ − ä(t) a(t)

ȧ(t)2 , (14)

which leads to

Ḣb = −H2
b (1 + q) ←→ q = −

(
Ḣb

H2
b

+ 1

)
, (15)

in which the dot indicates derivative w.r.t. t . According to
the �CDM model, q → −1 as the cosmological constant �

becomes dominant over matter, which means that Ḣb → 0;

hence the Hubble parameter Hb tends to a constant value
and the scale factor of the Universe will grow exponentially
in time. Figure 4 exemplifies two cases from Table 1, from
the expansion and bouncing solution regions, respectively.
Both remain constant over the time interval during which the
exponential growth takes place (Fig. 5).

In terms of the conformal time η (cf. Eq. (6)), the Hubble
and the deceleration parameters get the form

Hb(η) = 1

a(η)2

da(η)

dη
(16)

and
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Fig. 4 The Hubble parameter Hb as a function of the cosmological
time t . It remains constant during the whole inflation period

Fig. 5 Deceleration parameter q as a function of the cosmological time
t for the same two initial conditions shown in Fig. 4, leading to inflation

q(η) = 2 a(η) − a(η)2

(
da(η)
dη

)2

d2a(η)

dη2 − 1 (17)

Fig. 6 The Hubble parameter Hb as a function of the conformal time
η. It remains constant during the whole inflation period

Fig. 7 Deceleration parameter q as a function of the conformal time η

for one of the two initial conditions shown in Fig. 4, leading to inflation

respectively. Their behavior is the same as in the cosmolog-
ical time; an example is given in Figs. 6 and 7.

3 The quantum model

3.1 Canonical quantization and Wheeler–DeWitt equation

We quantize the theory, following Dirac’s formalism, by pro-
moting the variables (a, T ) to operators, together with their
respective canonical momenta [45,46],

p̂a → −i
∂

∂a
and p̂T → −i

∂

∂T
, (18)

under the fundamental commutation relations

[a, T ] = 0 , [pa, pT ] = 0 and [a, pa] = [T, pT ] = i .

(19)
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Then from the classical constraint H = 0, in which H is the
total Hamiltonian (7), we impose the constraint equation on
the wave function of the Universe �(a, T ),

Ĥ�(a, T ) = 0 . (20)

in which Ĥ is the Hamiltonian operator. By defining τ =
−T , we obtain the Wheeler-DeWitt (WdW) equation for this
model,

−∂2�(a, τ )

∂a2 + 2m

(
mω2

ka
2

2
− �a4

)
�(a, τ ) = i 2m

∂�(a, τ )

∂τ
.

(21)

We have computed the solution�(a, τ )of the WdW equation
numerically using finite differences in the Crank-Nicolson
scheme. For details, the reader is referred to the appendix C

Here we consider wave functions that satisfy the boundary
conditions established by Hartle–Hawking [47],

�(0, τ ) = �(∞, τ ) = 0. (22)

As a → ∞, the potential becomes negligible and the wave
function tends to a combination of “free” waves. The impo-
sition that �(a → ∞, t) = 0 selects a physically acceptable
(normalizable) solution, in which the transmitted packet dis-
perses and its local probability density decays in time and
space, characterizing an open scattering problem with unidi-
rectional probability flux. If this asymptotic condition were
not imposed, the problem would no longer be well-posed in
the spectral sense of the Hamiltonian operator and, from a
numerical point of view, it would be equivalent to solving the
evolution equation on a finite domain with reflective bound-
ary conditions. In this scenario, the transmitted component
would not be absorbed at infinity but would be reflected at the
boundary amax , returning to the barrier region. This would
introduce additional terms in the probability flux (which can
be interpreted as multiple successive incidences on the bar-
rier, analogous to a geometric series of reflections). Conse-
quently, the probability density exhibits stationary interfer-
ence patterns; the local norm would no longer represent a sim-
ple flux scattering, and the calculated tunneling probability
would become dependent on the simulation time. Formally,
the system would no longer be an open-domain scattering
problem; rather, it would become an eigenvalue problem in a
“box”, with a discretized spectrum and dynamics dominated
by artificial reflections, thus compromising the physical inter-
pretation of the results.

For a discussion on the self-adjointness of the Hamiltonian
operator the boundary conditions (22), the reader is referred
to the Appendix D.

Fig. 8 Probability Density |�(a, τmax )|2 for the fluid energy E =
179.8

3.2 Integrated tunneling probability (T Pint )

The tunneling probability can also be calculated as the odds
for the Universe to be found at the right side of the potential
barrier. Therefore, we define the integrated tunneling prob-
ability [48,49] as

T Pint =
∫ ∞
artp

|�(a, τmax )|2da∫ ∞
0 |�(a, τmax )|2da

, (23)

in which the infinite upper limit of integration is, in practice,
replaced by a suitably large numerical value (the numerical
infinity).

We chose the initial condition as [50]

ψ(a) ≡ �(a, 0) = 2.481612957

(
m3E

3

π

) 1
4

a e− 2
3mEa2

,

(24)

which automatically satisfies the boundary conditions (22).
Here, E represents the radiation fluid’s energy. Figure 8
shows the probability density |�(a, τmax )|2, in which τmax

is the moment when the wave function reaches the numerical
infinity.

3.3 Expectation values in the many worlds interpretation

Proposed by Hugh Everett III, the main statement of the
Many-Worlds (MW) interpretation of Quantum Mechanics
[51,52] is that the wave function of the Universe is made
up of quantum superpositons. In this framework there is no
collapse of the wave function, as it happens in the Copen-
hagen interpretation. That interpretation fits accordingly in
the context of quantum cosmology models being described
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Fig. 9 Expectation value 〈a(τ )〉 (black line) and 〈a(τ )〉 ± ε(τ ) (grey
lines). The horizontal dashed lines near the top are the values of the
scale factor altp and artp , corresponding to the classical left and right
turning points, respectively. The two vertical lines indicate τl and τr ,
the values of τ at which the wave hits those turning points

by the Wheeler-DeWitt equation (21). This equation is inde-
pendent of an external time parameter, suggesting that the
classical notion of temporal evolution emerges only locally
within each element of the wave function quantum superpo-
sition. In the MW interpretation the scale factor’s behavior
may be studied through the analysis of its expectation value
given by

〈a(τ )〉 =
∫ ∞

0 ��(a, τ ) a �(a, τ )da∫ ∞
0 ��(a, τ ) �(a, τ )da

. (25)

Using the initial condition (24) we have solved the Wheeler-
DeWitt equation (21) numerically for �(a, τ ), and then eval-
uated the expectation value 〈a(τ )〉 in (25). We let � =
0.05, β = 0.27 and σ = 0.9999 for the model param-
eters mentioned in Eq. (9); the number of space points
Ns = 20, 000 and τ points Nτ = 1000 for the numerical
grid; and the steps da = 0.003 and dτ = 0.0015, for the
spatial and fluid variables, respectively. The result is repre-
sented by the central black line in Fig. 9; the adjacent grey
lines correspond to 〈a(τ )〉 ± ε(τ ), in which ε(τ ) is the stan-
dard deviation

ε(τ ) =
√

〈a(τ )2〉 − 〈a(τ )〉2. (26)

3.4 On the inflationary behavior in the quantum model

The birth of the classical Universe is set as the quantum wave
reaches the right turning point of the potential barrier artp,
at τ = τr tp. For τ > τr tp, we expect cosmic inflation to take
place. The expectation value of the scale factor becomes

〈apb(τ )〉 =
∫ ∞
artp

��(a, τ )a�(a, τ )da∫ ∞
artp

��(a, τ )�(a, τ )da
, (27)

in which pb stands for “post barrier”.
The behavior of 〈apb(τ )〉 shown in Fig. 10a and b depict the
same curve, but in normal and logarithmic scale, respectively.
We let E = 179.8; at τini tial ≡ τr tp = 1.4125 the wave func-
tion hits the right side of the barrier (i.e., the onset of the clas-
sical Universe) and then the scale factor shows accentuated
exponential growth; we found that at τ f inal = 1.1300×1010,
in the quantum model (which we emphasize because the vari-
ables τ and η are not the same), we obtain 〈apb(τini tial)〉 =
7.999643 and 〈apb(τ f inal)〉 = 1.618687 × 1027, yielding
and expansion ratio of 2.023449 × 1026.

4 Dependence of tunneling probabilities on the
parameters of the theory

In this section, we compare the tunneling probability in the
WKB approximation T PWK B (150) with the integral tunnel-
ing probability T Pint (23), regarding their dependence on the
energy E and on (�, σ, β). Calculations related to the WKB
approximation can be found in Appendix E

4.1 Tunnelling probabilities dependence on the Energy E

By fixing σ = 0.9999, β = 0.27, k = 1, � = 0.05 and
ω = 1/3 for radiation, the maximum value of the potential
(8) is Vmax = 180.035845. So we varied the energy E ∈
[1, 5] in steps �E = 1; E ∈ [10, 170] in steps �E = 10,
and then chose two final values, E = 175 and E = 179.8,
near the top of the potential barrier. Figure 11 compares the
tunneling probabilities T Pint and T PWK B , which differ for
lower values of energy but converge as the energy reaches
the top of the barrier.

Near the top of the barrier, the agreement between T Pint
and T PWK B can be understood from the effective dynam-
ics of the wave packet in this regime. For average energies
E close to the maximum value of the potential, the barrier
becomes relatively narrow and low, which reduces the typ-
ical exponential damping of tunneling. In this situation, the
assumptions underlying the validity of the WKB approxima-
tion are better satisfied, as the potential varies more smoothly
in the classically forbidden region. In addition, the time
required for the reflected component of the packet to return
to the interaction region (once gone through the barrier and
reflected by the infinite wall at a = 0) becomes sufficiently
large. Thus, during the time interval considered in the numer-
ical calculation, the dynamics are essentially dominated by a
single-incidence process on the barrier, which is the scenario
described by the WKB approximation.
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Fig. 10 Expectation values < apb(τ ) >, for a > artp . Panels (a) and (b) depict the same curve, in normal and logarithmic scale, respectively.
Right after the wave function reaches the right turning point artp at τini tial = 1.4125, it exhibits exponential growth

Fig. 11 Comparison between T Pint (solid line) and T PWK B (dashed
line) as the energy E varies. We let σ = 0.9999, β = 0.27, k = 1,
� = 0.05 and ω = 1/3. Both converge to same value, as the energy
approaches the top of the potential barrier

On the other hand, for average energies E much lower
than that of the top of the barrier, the system behaves qualita-
tively different. In this case, the effective barrier is wider and
higher, making the transmission probability predicted by the
WKB approximation extremely small, due to the strong expo-
nential damping factor. The presence of an infinite potential
wall at a = 0, however, prevents the reflected component
from dissipating, as it would in a usual scattering problem.
Instead, the reflected wave returns and reaches the barrier
again, generating successive tunneling events. Each of these
incidences contributes a small fraction of transmitted proba-
bility, and the cumulative effect of these multiple reflections
can be interpreted as a sum of contributions analogous to a
geometric series. Since the reflection coefficient is close to

Fig. 12 Relative error between T Pint and T PWK B . We have used N
= 20,000, Xmax = 60, tmax = 1.5, dt = 0.015 for the initial condition
(24)

unity in this regime, such accumulation becomes significant,
leading to a total tunneling probability much larger than the
one predicted by the WKB approximation, which considers
only a single incidence.

Hence the difference between the two results is directly
associated with the effective open or confined nature of the
system. Near the top of the barrier, the problem behaves like
an open-domain scattering scenario, where the WKB approx-
imation is appropriate. For low energies, however, the system
behaves like a quantum cavity, in which multiple reflections
amplify the transmission probability, rendering the WKB
estimate insufficient to correctly describe the tunneling pro-
cess (Fig. 12).
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Fig. 13 Comparison of tunneling probabilities T Pint (Crank-
Nicolson) and T PWK B (WKB method), calculated for the initial con-
dition ψ(1)(a), in the adimensional variable ζ = 1 − E/Vmax

The effective potential, defined in Eq. (8) can be rewritten
in terms of the constants �, k, β and σ as

V (a) = 6k

σ
a2 − �a4. (28)

This potential reaches its maximum value at a = am , so that

dV (a)

da

∣∣∣∣
a=am

= 0 −→ am =
√

3k

�σ
, (29)

which is

Vmax = V (am) = 9k2

�σ 2 (30)

Reploting the dependency of the tunneling probabilities
T Pint (Crank-Nicolson) and T PWK B in terms of the adi-

mensional variable ζ = 1 − E

Vmax
, we obtain Fig. 13.

4.2 Tunnelling probabilities dependence on the
cosmological constant �

By fixing σ = 0.9999, β = 0.27, k = 1, ω = 1/3 and E =
179 and varying � ∈ [0.03, 0.05] in steps of �� = 0.0025,
we have obtained Fig. 14, which exemplifies the behavior of
the tunneling probabilities: as � increases, both T Pint and
T PWK B increase and converge to the same value. The max-
imum value of the potential decreases as � increases; the
value of E has been chosen by taking into account that vari-
ation, Vmax (�) ∈ [180.035845, 300.060006] in the interval
of � under consideration.

Fig. 14 Comparison between T Pint (solid line) and T PWK B (dashed
line) as the cosmological constant � varies. We let σ = 0.9999, β =
0.27, k = 1, ω = 1/3 and E = 179. Both approach the same value, as
� increases

Fig. 15 Comparison between T Pint (solid line) and T PWK B (dashed
line) as σ varies. We let β = 0.27, k = 1, � = 0.05, ω = 1/3 and
E = 179. Both approach the same value, as σ increases

4.3 Tunnelling Probabilities dependence on the
Einstein–Aether parameter σ

By fixing β = 0.27, k = 1, � = 0.05 and ω = 1/3 and
E = 179 and varying σ ∈ [0.75, 0.99] in steps �σ = 0.02,
we have obtained Fig. 15. As σ increases, both tunneling
probabilities T Pint and T PWK B increase, and converge to
the same value. The value of E , once more, has been chosen
by taking into account the variation of the top of the barrier,
which decreases in the interval of σ under consideration and
Vmax (σ ) ∈ [180.035845, 319.99947].
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Fig. 16 Comparison between T Pint and T PWK B using σ = 0.9999,
k = 1, � = 0.05, ω = 1/3 and E = 179

4.4 Tunnelling probabilities dependence on the
Einstein–Aether parameter β

In order to investigate the behavior of the tunneling prob-
abilities as one varies the β parameter, it was set that
σ = 0.9999, k = 1, � = 0.05 and ω = 1/3. The
β parameter was chosen to vary within a range that goes
from β = 0.01 to β = 0.3 in steps of 0.01. Once again,
a fixed energy value was chosen taking in consideration
the maximum values of the potential calculated using the
minimum and maximum values of β in the interval we
chose. Since Vmax (β = 0.01) = 180.03584579161030 and
Vmax (β = 0.3) = 180.03584579161037, it was decided that
E = 179. As one can see in Fig. (16), as beta grows, the value
of the tunneling probabilities diminishes. This means that a
smaller value of β implies a higher tunneling probability.

4.5 Tunneling probabilities and the quantum initial state

In Sect. 3.2 we used the quantum initial condition (24), which
we will rename here as

ψ
(1)
0 (a) = 2.481612957

(
m3E

3

π

) 1
4

a e− 2
3mEa2

. (31)

In this subsection we examine the behavior of the integrated
tunneling probabilities T Pint for two other initial conditions,

ψ
(2)
0 (a) = √

1.472970576 (mE)5/4 a2

exp
(
−0.3068688699

(
mE

)3/2
a3

)
, (32)

and

ψ
(3)
0 (a) =

√
4mE a exp

(
−2

3
mE a3

)
. (33)

Fig. 17 Several initial conditions. ψ(1)
0 (a) (solid line) is the one used in

the manuscript. ψ(2)
0 (a) (dotted line) and ψ

(3)
0 (a) (cross line) are slightly

different initial conditions, used here for the sake of comparison among
the corresponding tunneling probabilities

These three conditions are simultaneously represented in
Fig. 17. The initial condition ψ

(2)
0 (a) is slightly more local-

ized than the original ψ
(1)
0 (a), whereas ψ

(3)
0 (a) spreads over

a slightly larger interval than ψ
(1)
0 (a).

The deviation from unity norm of the wave functions
evolved from all three initial states were numerically calcu-
lated at various time instants, being of order 10−13 in mag-
nitude.

For the initial condition (31), the tunneling probabilities
as a function of energy E are shown in Fig. 11. For the initial
conditions (32) and (33), in the same range of energies, the
tunneling probabilities are represented in Fig. 18.

5 Discussion and conclusions

We studied a FLRW cosmological model within the frame-
work of Einstein–Aether gravity, with positive spatial curva-
ture and matter content described by a radiation perfect fluid
and dark energy, the latter being represented by a cosmolog-
ical constant term �. The classical phase space of the model
was constructed. We then obtained a differential equation for
the scale factor that confirms the types of solutions identified
in the phase-space analysis.

Subsequently, we demonstrated that specific initial con-
ditions in regions II and III of the (a, pa) plane of the phase
space lead to an inflationary expansion after the Universe
emerges from the quantum phase. This behavior is corrobo-
rated by the evolution of both the Hubble parameter Hb and
the deceleration parameter q.

Proceeding to the quantum description, we applied the
Dirac formalism to quantize the model. The resulting
Wheeler-DeWitt equation was solved both numerically and
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Fig. 18 Tunneling probabilities numerically calculated (solid lines) for the initial conditions a ψ
(2)
0 and b ψ

(3)
0 . The dashed lines correspond to

tunneling probabilities based on the WKB approximation

via the WKB approximation. These solutions enabled the
computation of quantum tunneling probabilities and the
expectation values for the scale factor 〈a〉, along with its
corresponding standard deviations ε.

We systematically calculated the influence of each model
parameter and the fluid energy E on the tunneling probabil-
ities T Pint and T PWKB. Our results indicate that increasing
the cosmological constant �, the parameter σ , or the energy
E leads to higher tunneling probabilities. At the same time,
higher values of β implies on lower tunnelling probabilities
values. Therefore, we conclude that for this model, the quan-
tum birth of the Universe is more probable with higher values
of �, σ and E and lower values of β.
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A The Hamiltonian of the Einstein–Aether model

The total action of Einstein–Aether theory consists of three
fundamental contributions,

S = SEH + SE A + Smatter , (34)

in which SEH is the Einstein-Hilbert action of General Rel-
ativity, SE A contains the dynamics of the aether vector field,
and Smatter describes the conventional matter fields, mini-
mally coupled to the metric.

The action of the aether sector [53] with c = 1 is

SAE = 1

16πG

∫
d4x

√−g
[−K αβ

μν∇αu
μ∇βu

ν

+λ
(
gμνu

μuν + 1
)]

(35)

in which g is the determinant of the metric, λ is the Lagrange
multiplier ensuring that the field uμ is always unitary and
timelike, ∇α denotes the covariant derivative, and uμ is
the aether field, a dynamical timelike vector field defined
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throughout spacetime. The coupling tensor K αβ
μν is

K αβ
μν = c1 g

αβgμν + c2 δα
μδβ

ν + c3 δα
ν δβ

μ − c4 uαuβgμν. (36)

Our interest lies in homogeneous and isotropic models.
Thus, we consider the Friedmann-Robertson-Walker metric
in cosmological time, with the lapse function N = 1

ds2 = −dt2 +a(t)2
[

dr2

1 − kr2 + r2
(
dθ2 + sin2(θ)dφ2

)]
,

(37)

in which a(t) is the scale factor, k is the curvature of the
spatial section, such that k = −1 for open, k = 0 for flat,
and k = 1 for closed Universes.

For homogeneous and isotropic universes, the most gen-
eral form of the aether field compatible with the symmetries
is

uα = (1, 0, 0, 0) , uα = (−1, 0, 0, 0) , (38)

so that the field uα is a unit timelike vector satisfying the
normalization condition

uαuα = −1. (39)

According to (35), the aether Lagrangian is

LE A = −
√−g

16πG

[
K αβ

μν∇αu
μ∇βu

ν + λ
(
gμνu

μuν + 1
)]

(40)

From (39), we get gμνuμuν = −1; thus the term with λ

vanishes. Then

LE A = −
√−g

16πG

[
K αβ

μν∇αu
μ∇βu

ν
]

(41)

with K αβ
μν given by (36).

The covariant derivative of the field uν is

∇μuν = ∂μuν − �λ
μνuλ. (42)

Since uν = (−1, 0, 0, 0)

∂μuν = 0. (43)

So,

∇μuν = −�λ
μνuλ. (44)

Since ui = 0 and u0 = −1, we have

∇μuν = �0
μν. (45)

Now we need to compute the Christoffel symbols for the
FRW metric. The vanishing covariant components of the met-
ric are

gμαgαν = δμ
ν, (46)

recalling that gμν is the inverse of gμν . Then, the non-
vanishing components of the covariant form of the metric
are

g00 = −1, g11 = a2

1 − kr2 , g22 = a2r2, g33 = a2r2 sin2 θ,

g0l = 0, ∀ l ∈ {1, 2, 3}. (47)

keeping in mind that a = a(t). In their turn, the non-
vanishing components of the contravariant form of the metric
are

g00 = −1, g11 = 1 − kr2

a2 , g22 = 1

a2r2 , g33 = 1

a2r2 sin2 θ
,

g0l = 0, ∀ l ∈ {1, 2, 3}. (48)

The Christoffel symbols are defined as

�α
μν = 1

2
gασ

(
∂μgνσ + ∂νgμσ − ∂σ gμν

)
. (49)

By expanding the sum over σ in expression (49) we obtain

�0
0 0 = 0, �0

i j = aȧγi j , �i
0 j = ȧ

a
δij , (50)

in which gil = γ il

a2 .

A.1 The components ∇αuμ

We have

∇αu
μ = �

μ
0 α (51)

then

K αβ
μν∇αu

μ∇βu
ν = K αβ

μν�
μ
0 α�ν

0 β. (52)

According to (36) K αβ
μν has four terms, so we will calculate

each one of them separately:

c1g
αβgμν�

μ
0 α�ν

0 β = 3c1

(
ȧ

a

)2

, (53)

c2δ
α
μδβ

ν = 9c2

(
ȧ

a

)2

, (54)

c3δ
α
ν δβ

μ�
μ
0 α�ν

0 β = 3c2

(
ȧ

a

)2

, (55)
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c4u
αuβgμν�

μ
0 α�ν

0 β = 0. (56)

According to these results and knowing that
√−g ∼ a3, the

Einstein-aether Lagrangian takes the form

LE A = −−3(c1 + 3c2 + c3)

16πG
aȧ2. (57)

In Einstein–Aether theory,

G = σ GN (58)

in which

σ = 1 − c1 + c4

2
(59)

and GN is Newton’s gravitational constant. Here we will set
16πGN = 1, thus

LE A = −3β

σ
aȧ2. (60)

in which

β = c1 + 3c2 + c3 (61)

A.2 The Einstein–Hilbert action

Considering now the Einstein–Hilbert action

SEH = 1

σ

∫
M

d4x
√−gR, (62)

in which σ is defined in Eq. (9). The Ricci curvature scalar
takes the form

R = ä

a
+ ȧ2

a2 + k

a2 , (63)

so that we can write (62) as

SEH ∝ 1

σ

∫
dta3R (64)

or

SEH ∝ 1

σ

∫
6
(
a2ä + aȧ2 + ka

)
dt (65)

Then, the Einstein–Hilbert Lagrangian takes the form

LEH = 6

σ

(
a2ä + aȧ2 + ka

)
. (66)

The second derivative term in the Lagrangian can be elimi-
nated by the extraction of a total time derivative,

a2ä = d

dt

(
a2ȧ − 2aȧ2

)
, (67)

Then

LEH = 6

σ

(
−aȧ2 + ka

)
. (68)

The Lagrangian of the gravitational sector LG will be the
sum of the Lagrangians (61) and (68),

LG = −3(β + 2)

σ
aȧ2 + 6k

σ
a. (69)

A.3 The matter action

In order to include the material content of the Universe, we
use the Schultz formalism, in which matter is represented by
a perfect barotropic fluid. In this case, the matter action is
given by

Sm =
∫
M
d4x

√−g p (70)

and the covariant four-velocity is written as

uν =
(

1

μ
[∂νε + θ ∂νS + χ ∂ν�] , 0, 0, 0

)
, (71)

in which μ is the specific enthalpy, S is the specific entropy,
and ε, θ, �, and χ are scalar potentials of the fluid. The
terms � and χ describe rotational degrees of freedom (vor-
ticity) of the fluid. Homogeneous and isotropic models have
no vorticity, though; hence,

χ ∂ν� = 0, (72)

and

uν =
(

1

μ
[∂νε + θ ∂νS] , 0, 0, 0

)
. (73)

In cosmologies with the FLRW metric, it is assumed that
the fluid is at rest in comoving coordinates,

uμ = (−1, 0, 0, 0) . (74)

From the relation uμuμ = −1 → u0u0 = −1 → g00u2
0 =

−1 we then have

μ = ∂νε + θ∂νS. (75)

From (73),

∂νε = (ε̇, 0, 0, 0) (76)

and

∂νS = (
Ṡ, 0, 0, 0

)
. (77)
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Substituting (76) and (77) into (73) we obtain

uν = 1

μ
(ε̇ + θ Ṡ) . (78)

and

μ = ε̇ + θ Ṡ. (79)

We now use the first law of thermodynamics,

dρ = μ dn + nT dS, (80)

in which ρ is the internal energy density of the fluid, n is
the particle number, T is the temperature, S is the specific
entropy, and μ is the specific enthalpy of the fluid.

The specific enthalpy can also be written as

μ = ρ + p

n
. (81)

In our model we are considering a barotropic fluid p = αρ,
so that (81) becomes

μ = (1 + α)ρ

n
→ ρ = nμ

(1 + α)
. (82)

Substituting (82) into (80), we get

dρ = (1 + α)

n
ρ dn + nT dS. (83)

or

dρ

ρ
= (1 + α)

n
dn + nT

ρ
dS. (84)

Integrating, one obtains

ρ = C0 · n1+α · e
∫

f (S)dS, (85)

in which

f (S) = nT

ρ
. (86)

From (81),

μ =
(

∂ρ

∂n

)
S

= (1 + α)

n
ρ (87)

So,

∂ρ

∂n
= (1 + α)

n
ρ → 1

ρ
∂ρ = (1 + α)

n
∂n. (88)

Integrating, we get

ρ = n1+αh(S). (89)

Comparing (85) and (89),

h(S) = C0e
∫

f (S)dS . (90)

Consequently,

d

dS
h(S) = C0e

∫
f (S)dS · d

dS

∫
f (S)dS = h(S)· f (S). (91)

Then

f (S) =
dh(S)
dS

h(S)
(92)

The relation to the temperature T comes from

T = 1

n

(
∂ρ

∂S

)
n

(93)

By using (89) in (93) we get

T = nα dh(S)

dS
(94)

and

μ = (1 + α)nαh(S). (95)

Isolating n,

n =
(

μ

(1 + α)h(S)
.

)1/α

(96)

Substituting (96) into (89),

ρ = (1 + α)
−

(
1+α
α

)
μ( 1+α

α h(S)−
1
α . (97)

Using now the equation of state p = αρ, we have

p = α

(
μ

(1 + α)

) 1+α
α

h(S)−
1
α . (98)

The function h(S) is determined by the choice of variable
for the entropy. Equation (89) yields

h(S) = eS, (99)

without loss of generality.

p = α

(
μ

(1 + α)

) 1+α
α

e− S
α . (100)
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Substituting (79) into (100),

p = α

(
ε̇ + θ Ṡ

1 + α

) 1+α
α

e− S
α . (101)

The matter action

Sm =
∫

d4x
√−g p, (102)

can be expressed now as

Sm ∝
∫
t
a3 · α

(
ε̇ + θ Ṡ

1 + α

) 1+α
α

e− S
α dt. (103)

Hence, the matter lagrangian gets the form

Lm = a3 · α

(
ε̇ + θ Ṡ

1 + α

) 1+α
α

e− S
α . (104)

and the hamiltonian becomes

Hm = ε̇ pε + Ṡ pS + θ̇ pθ − Lm . (105)

The relation the between canonical momenta and their
respective generalized coordinates is

pε = ∂Lm

∂ε̇
= a3

(
ε̇ + θ Ṡ

1 + α

)1/α

· e−S/α, (106)

pS = ∂Lm

∂ Ṡ
= pεθ, (107)

pθ = ∂Lm

∂θ̇
= 0. (108)

Hence the matter Hamiltonian (105) takes the form

Hm = p1+α
ε · eS
a3α

. (109)

Considering the canonical transformation

T = −pSe
−S p−(1+α)

ε , pT = p(1+α)
ε eS, (110)

the matter Hamiltonian for a perfect fluid then takes the form

Hm = a−3α pT . (111)

In our model we consider two fluids: a vacuum fluid (α =
−1) and a radiation fluid (α = 1/3), so that

Hm = a3� + 1

a
pT . (112)

The total Hamiltonian in cosmological time (N = 1) is

H = − σ

12(β + 2)a
p2
a − 6ka

σ
+ �a3 + 1

a
pT , (113)

whereas in conformal time (N = a), it becomes

H = − σ

12(β + 2)
p2
a − 6ka2

σ
+ �a4 + pT . (114)

Introducing the parameters

m = 6(β + 2)

σ
, wk =

√
2k

β + 2
, (115)

the Hamiltonian in conformal time takes the form

H = 1

2m
p2
a + mw2

k

2
a2 − �a4 − pT . (116)

B On the coupling constants and their constraints

The parameters β e σ of the Einstein–Aether (AE) theory,
mentioned in Sect. 2.1, play fundamental role in the coupling
between the timelike vector field ua and the metric, as well as
in the definition of the effective gravitational constant. Their
precise definitions, in terms of the adimensional coupling
constants ci (of the aether action) are

β = c1 + 3c2 + c3, (117)

σ = 1 − c14

2
, in which c14 = c1 + c4. (118)

Those parameters emerge naturally as one writes the com-
plete gravitational action in the ADM formalism and consid-
ers the Friedmann equations, modified by the aether.

In order to describe a physically meaningful model, the
constants ci are subject to a set of theoretical and observa-
tional constraints that guarantee the absence of instabilities
(e.g. ghosts, tachions) an the compatibility with experimental
data. The main constraints are as follows [53].

1. Wave modes velocities – The quadratic velocities of the
five modes propagated by the theory (spin-0, spin-1 and
spin-2) must be positive and real.

s2
0 = c123(2 − c14)

c14(1 − c13)(2 + c13 + 3c2)
,

s2
1 = 2c1 − c2

1 + c2
3

2c14(1 − c13)
,

s2
2 = 1

1 − c13
. (119)
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Here, ci jk... ≡ ci + c j + ck + .... Besides, it is demanded
that the energy density of each mode be positive.

2. Primordial nucleosynthesis – The expansion rate of
the primordial Universe, determined by the cosmological
gravitational constantGc = G/(1+8πGβ), cannot differ
by much from Newton’s constant GN = G/σ ; namely,

∣∣∣∣ Gc

GN
− 1

∣∣∣∣ ≤ 1

8
. (120)

3. Gravitational Cherenkov radiation – In order to prevent
that very high energy particles loose energy by emission
of gravitational modes, the mode velocities must satisfy
the constraint

s2
i − 1 > −10−15, i ∈ {0, 1, 2}. (121)

4. PPN parameters – In the weak field limit, the AE the-
ory distinguishes itself from the General Relativity by the
parameters α1 and α2, which quantify the effects of hav-
ing a preferred referential. Observations within the solar
system impose that

|α1| ≤ 10−4 and |α2| ≤ 10−7, (122)

in which

α1 = − 8(c2
3 + c1c4)

2c1 − c2
1 + c2

3

, (123)

α2 = α1

2
− (c1 + 2c3 − c4)(2c1 + 3c2 + c3 + c4)

c123(2 − c14)
.

(124)

5. Event GW170817 – The detection of gravitational waves
imposes a strong constraint on the combination c13 =
c1 + c3; namely,

|c13| < 10−15. (125)

Two families of parameters which satisfy those conditions
simultaneously are identified in the literature (cf. [54] and
Eq. (23) of [55]). The values we have adopted in our work,
β = 0,27 and σ = 0,9999, have been chosen precisely for
their fitting into those allowed ranges. In particular,

• σ = 0,9999 imply c14 = 0,0002, which is a suffi-
ciently small value so as to guarantee that α1 and α2 be
neglectable, as imposed by the observations within the
solar system.

• By combining β = 0,27 with the constraint |c13| <

10−15 (which enforces c3 ≈ −c1), one obtains c2 ≈
β/3 = 0,09. This value is in the range c14 ≤ c2 ≤ 0,095
predicted in case (i) of Eq. (23) [55], thus ensuring its

consistency with the remaining constraints (positive ener-
gies, real velocities, etc.).

Therefore, choosing β = 0,27 and σ = 0,9999 not only
satisfies all theoretical and observational constraints, but also
allows one to explore numerically, in a realistic manner, the
cosmological consequences of breaking the Lorentz symme-
try in the context of the EA theory.

C Numerical solution of the Wheeler–DeWitt equation

In order to solve the Wheeler–deWitt Eq. (21) numeri-
cally, we have used the finite differences method in the
Crank-Nicolson scheme. By discretizing a time-dependent
Schrodinger-type equation one obtains the evolution equa-
tion of �(a, τ ) as

�i, n+1 =
(

1 + idt

2h̄
Ĥ

)−1 (
1 − idt

2h̄
Ĥ

)
�i, n (126)

in which i and n refer to the spatial and time discretization,
respectively, illustrated in Fig. 19.

An interesting aspect of the Crank-Nicolson method is its
unconditional stability and unitarity, for hermitian Hamilto-
nians discretized in a consistent way, as discussed by Iitaka
[56] and Teukolsky [57]. Considering a Hamiltonian of the
form

Ĥ = − ∂2

∂a2 + V (a), (127)

Fig. 19 Spatial and time discretization of some function u(a, t), in the
Crank-Nicolson scheme. The spatial interval [amin, amax ] is divided
in subintervals of equal amplitude da, whereas the time interval
[tmin, tmax ] is divided in subintervals of equal amplitude dt . The func-
tion at each point of the grid of coordinates u(amin + i da, tmin +n dt)
is mapped into a matrix element ui,n , in which (i, n) are integers
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one obtains (from the spatial discretization of the second-
order spatial derivative)

Ĥ� = − h̄2

2m

(
�i+1, n − 2�i, n + �i−1, n

dx2

)
+ V (xi )�i, n,

(128)

so that the discretized Hamiltonian operator can be repre-
sented as a tridiagonal matrix,

Ĥ =

⎛
⎜⎜⎜⎜⎜⎝

V (x1) + h̄2

mdx2 − h̄2

2mdx2 0 0 ... 0

− h̄2

2mdx2 V (x2) + h̄2

mdx2 − h̄2

2mdx2 0 ... 0

0 − h̄2

2mdx2 V (x3) + h̄2

mdx2 − h̄2

2mdx2 ... 0
.
.
. · · · · · · · · · . . . 0

0 0 0 · · · − h̄2

2mdx2 V (xn−1) + h̄2

mdx2

⎞
⎟⎟⎟⎟⎟⎠

. (129)

The initial condition used in this work, Eq. (24), is of the
form

�0(a) = C a e−Ba2
, (130)

in which {C, B} are real constants and B > 0. This form
automatically satisfies the boundary conditions �0(0) = 0
and lim

a→+∞ �0(a) = 0. The constant C is determined by

imposing that the norm of �0(0) be unitary,

∫ ∞

0
|ψ0(a)|2 da = 1. (131)

In its turn, the constant B can be related to the (physically
meaningful) average kinetic energy E ,

E =
∫ ∞

0
ψ�

0 (a)

(
− ∂2

∂a2

)
ψ0(a) da. (132)

By imposing those conditions, one obtains the normalized
form of the initial wave function (24),

ψ0(a) = 2.481612957 ·
(
m3E

3

π

)1/4

· ae− 2mEa2
3 , (133)

in which m is the parameter defined in (9).
The evolution of the wave package was calculated until

it reached the point chosen as the numerical infinite. The
maximum time of evolution was selected so that the pack-
age did not return from the domain boundary, thus avoiding
non-physical effects associated to the spurious reflections at
that point. In other words, the calculation got interrupted as
|�(a, τ )|2 reached the numerical domain limit.

The deviation from unity norm of the wave function as it
evolved from its initial state was numerically calculated at
various time instants, being of order 10−13 in magnitude.

By considering different grid sizes and number of time
steps, under the same numerical precision, we have observed
that results are stable, indicating the numerical convergence
of the scheme. Hence, the application of the Crank-Nicolson
method showed unconditional stability, norm conservation
and numerical robustness for the evolution of the wave pack-
age �(a, τ ).

In what follows, Tables 2 and 3 show the convergence test
results. Here, N is the number of spatial points and T is the
number of time points.

D On the self-adjointness of the Hamiltonian operator

In order to show that the Hamiltonian operator is self-adjoint,
we must analyze its differential form, the domain on which it
acts, and the boundary conditions which are imposed [58,59].

In the context of the Einstein-Aether quantum cosmology,
the total classical Hamiltonian is given by Eq. (7),

H = p2
a

2m
+ V (a) − pT . (134)

After the canonical quantization procedure, we obtain the
Wheeler-DeWitt (WDW) equation,

−∂2�(a, τ )

∂a2 + 2mV (a)�(a, τ ) = i2m
∂�(a, τ )

∂τ
, (135)

in which the Hamiltonian operator acting on the spatial part
(scale factor a)is defined as:

Ĥ = − d2

da2 + 2mV (a) (136)

so that

V (a) = mω2
ka

2

2
− �a4 (137)

is the potential.
For a symmetric operator to be self-adjoint, it must act

on a square-integrable Hilbert space; in this model, it is
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Table 2 Convergence tests for
fixed time parameters and
varying spatial parameters.
Here, time parameters were set
to tmax = 1.5, dt = 0.0015 and
T = 1000

Energy N T Pint T PWK B

179.8 5000 0.0025734225276100886 0.28754272585185

179.8 8000 0.12190863237057206 0.287157989667515

179.8 10000 0.13713286103682812 0.287158814990852

179.8 15000 0.15074384681109826 0.287302624462511

179.8 20000 0.1552768420652686 0.287176422015787

179.8 25000 0.15733865081503615 0.287259181767723

Table 3 Convergence tests for
fixed spatial parameters and
varying time parameters. Here,
the spatial parameters have been
set to xmax = 60, dx = 0.004
and N = 15, 000

Energy T T Pint T PWK B

179.8 800 0.13363937925350788 0.287302624462511

179.8 1000 0.13713286103682812 0.287158814990852

179.8 1200 0.15897932117276858 0.287302624462511

179.8 1300 0.16162175761861483 0.287302624462511

179.8 1500 0.16531063536173293 0.287302624462511

L2(0,∞, da) — the space of square-integrable functions on
the interval a ∈ [0,∞). The operator domain D(Ĥ) is the
set of functions ψ(a) satisfying the following conditions.

1. ψ(a) and ψ ′(a) are absolutely continuous.
2. ψ(a) ∈ L2(0,∞) and Ĥψ(a) ∈ L2(0,∞).
3. The Hartle-Hawking boundary conditions: �(0, τ ) = 0

and �(∞, τ ) = 0.

An operator is symmetric if 〈ψ |Ĥφ〉 = 〈Ĥψ |φ〉. Let us
compute the difference between these two terms using the
definition of the inner product,

� ≡ 〈ψ |Ĥφ〉 − 〈Ĥψ |φ〉 =
∫ ∞

0

[
ψ�(Ĥφ) − (Ĥψ)�φ

]
da

(138)

Substiting Ĥ , we get

� =
∫ ∞

0

[
ψ∗

(
−d2φ

da2 + 2mVφ

)

−
(

−d2ψ∗

da2 + 2mVψ∗
)

φ

]
da (139)

Since the potentialV (a) is a real function, the terms involving
the potential terms cancel out. Only the kinetic part remains,

� =
∫ ∞

0

[
−ψ� d

2φ

da2 + d2ψ�

da2 φ

]
da (140)

Using Green’s identity (double integration by parts), the inte-
grand is a total derivative,

� =
∫ ∞

0

d

da

[
ψ ′�φ − ψ�φ′] da = [

ψ ′�φ − ψ�φ′]∞
0 (141)

Now we apply the boundary conditions specified in the arti-
cle. In the lower limit a → 0, the article explicitly adopts
the Hartle-Hawking condition �(0, τ ) = 0; therefore, for
any ψ, φ ∈ D(Ĥ), we have ψ(0) = 0 and φ(0) = 0, which
makes � vanish in the lower limit. In the upper limit a → ∞,
functions belonging to the space L2(0,∞)must decay to zero
at infinity to be integrable. Since the boundary terms vanish
at both limits, we have

� = 0 −→ 〈ψ |Ĥφ〉 = 〈Ĥψ |φ〉; (142)

that is, the Hamiltonian operator Ĥ is symmetric.
Symmetry and the Dirichlet condition (ψ(0) = 0) are suf-

ficient conditions for the self-adjointness of a second-order
differential operator on the half-line [0,∞). The operator
−d2/da2 alone has deficiency indices (1, 1) [58,59], which
means it admits a family of self-adjoint extensions parame-
terized by a boundary condition at the origin. By choosing
the Hartle-Hawking condition (ψ(0) = 0), the authors select
the Dirichlet self-adjoint extension.

Thus, we can conclude that the Hamiltonian operator is
self-adjoint because its potential part is real and its kinetic
part, under the Hartle-Hawking conditions, satisfies the sym-
metry condition and has identical domains for the operator
and its adjoint (D(Ĥ) = D(Ĥ†)). This guarantees that the
expectation values computed in the article, such as 〈a(τ )〉,
are always real physical quantities.

E WKB solution and tunneling probability (T PWKB)

Seeking solutions to the Wheeler–DeWitt Eq. (21) of the
form �(a, τ ) = ψ(a) e−i Eτ , one finds for ψ(a) the ODE
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d2ψ(a)

da2 + [2m (E − V (a))] ψ(a) = 0, (143)

in which V (a) is the effective potential given in Eq. (8). In
what follows we will use the WKB approximation to solve
Eq. (143), and then use that solution to calculate the tunneling
probabilities through the potential barrier V (a) [48,60–62].

The approximate solution for (143) is

ψ(a) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A√
K (a)

exp

(
i
∫ a

altp
K (a)da

)
+ B√

K (a)
exp

(
−i

∫ a

altp
K (a)da

)
, for a ≤ altp;

C√
k(a)

exp

(
−

∫ a

altp
k(a)da

)
+ D√

k(a)
exp

(∫ a

altp
k(a)da

)
, for altp ≤ a ≤ artp;

F√
K (a)

exp

(
i
∫ a

artp
K (a)da

)
+ G√

K (a)
exp

(
−i

∫ a

artp
K (a)da

)
, for artp ≤ a.

(144)

Here, altp and artp are the left and right turning points of the
barrier, respectively; that is, points in which E = V (a), so
that altp ≤ artp. Furthermore,

⎧⎪⎨
⎪⎩
K (a) = √

2m (E − V (a)) for E > V,

k(a) = √
2m (V (a) − E) for E < V .

(145)

The coefficient A is associated to the incident wave moving
from the origin towards the left side of the barrier, and B
to its reflection by barrier. Likewise, F can be associated to
the transmited wave that emerges from the right side of the
barrier, and G to the wave moving from infinity towards the
right side of the barrier. In matrix notation, those coefficients
are related by

(
A
B

)
=

(
2θ + 1

2θ
i
(
2θ − 1

2θ

)
−i

(
2θ − 1

2θ

)
2θ + 1

2θ

) (
F
G

)
, (146)

in which the parameter θ is related to the height and length
of the barrier,

θ = exp

(∫ artp

altp
k(a)da

)
. (147)

Considering that no wave is coming from the right (i.e., let-
ting G = 0), the transmission coefficient, or tunneling prob-
ability can be obtained,

T PWK B = |F |2
|A|2 . (148)

From (146),

A = 1

2

(
2θ + 1

2θ

)
F, (149)

one can rewrite

T PWK B = |F |2
|A|2 = 4(

2θ + 1
2θ

)2 . (150)
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